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PREFACE. 



The subjects of the following pages have been 
taught orally at the Military Academy for many years ; 
but, for the saving of time, and the convenience of 
the pnpils, it has been thought best to clothe them 
in a printed dress; and as, in this form, the volume 
might be found iiseful in other schools, as an appli- 
cation of descriptive geometry to practical c 
it was also thought well to have it published. 
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ONE PLANE DESCEIPTITE GEOMETET 



FORTIFICATION DRAWIIS^G. 



1. The method now in general use, among military en- 
gineers, for delineating the plana of permanent fortiiieationa, 
13 similar to the one wMeh had been previously employed 
for representing the natural enrfaee of ground in topograph- 
ical and hydrographical maps; and wlueh consists in projec- 
ting, on a horizontal plane at any assiimed level, the bounding 
lines of the surfaces and also the horizontal lines cut from 
them by equidistant horizontal planes, the distances of thrae 
lines from the assumed plane being expressed nuimericaUy 
in terms of some linear measure, as a yard, a foot, &c. 

2. Plane of Reference or Comparison. The assum- 
ed horizontal plane upon wliich the lines are projected is 
termed the^ZasTie of eonvpwrison. or ^cme of ref^ence, as it 
is the one to which the distances ot all the lines from it are 
referred, and as it serves to compare these distances with 
each other and also to determine the relative positions of 
the lines. 

3. References. The numbers which express the dis- 
tances of points and lines from the plane of comparison are 
termed references. The unit in which these distances are 
expressed is usually the linear foot and its decimal divisions. 

As the position assumed for the plane of comparison is 
arbitrary, it may be taken either above or below every point 
of the surfaces to be projected. In the French military ser- 
vice it is usually taken above, in our own below the surfaces. 
The latter seems the more natural and is also more conveni- 
ent, as vertical distance are more habitually estimated from 
below upwards than in the contrary direction. Each of 
these methods has the advantage of requiring but one kind 
of symbol to be used, viz : the numerals expressing the ref- 
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2 ONE PLANS DESCKIPTITE 

cronces; whereas, if tiit plane of comparison were so laken 
that some of the points or lines prO;ject«d should lie on one 
side of it and some on the other, it woiild he then necessary 
to use, in connection with the references, the algebraic sym- 
bols ^>^ or minus to designate the points above the plane 
from those below it. 

As the distances of all points ai-e estimated from the 
plane of comparison, the reference of any point or line of 
this plane will therefore he zero, (0.0); that of any point 
above it is usually expressed in ieet; decimal parts of a foot 
being used whenever the reterence is not an entire number. 
Wlien the reference is a whole number it is written with one 
decimal place, thus (25.0) ; and when a broken number with 
at least two decimal places, thus (3.70), (15.63). In writing 
the reference the mark used to designate the linear unit is 
omitted, in order that the numbers expressing reference 
may not be mistaken for those which may be put upon the 
drawing to express tlie horizontal distances between points. 

The references of horizontal lines are written along and 
upon the projections of these lines. All other references 
are written as nearly as practicable parallel to the bottom bor- 
der of the drawing, tor the convenience of reading them 
without having to shift the position of the sheet on which 
the drawing is made. 

This method of representing the projections of objects 
on one plane alone has given rise to a very useful modifica- 
tion of the one of orthogonal projections on two planes, and 
has been denominated one plane descriptke geometry; the 
plane of comparison being the sole plane of projection; and 
the references taking the place of the usual projections on a 
vertical plane. Ey this modification the number of lines to 
be drawa is less; the graphical constructions simplified; 
and the relations of the parts is more readily seized upon, 
as the eye is confined to the examination of one set of pro- 
jections alone. 

But the chief advantage of it consists in its application 
to the delineation of objects, like works of permanent forti- 
fication, where, from the great disparity of the horizontal 
extent covered and the vertical dimensions of the parts, a 
drawing, made to a scale which would give the horizontal 
distances witli accuracy, could not in most cases render the 
vertical dimensions with any approach to the same degree 
of accuracy ; or, if made to a scale which would admit of 
the vertical dimensions being accurately determined, would 
require an area of drawing surface, to render tlie horizontal 
dunensions to the same scale, which woiild exceed the con- 
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ONE PLANE DESCRIPTIVE GEOilETET. 3 

veiiient limits of practice. Tating for example an ordinary 
Bcale used for drawing the plana ot' permanent fortifications 
of (me inch to fifty feet, or the scale ^i,, the details of all 
the bonnding surfaces can be determined with accnraey to 
within the fractional part of a foot, whereas a vertical pro- 
jection to the same scale would be altogether too small for 
the same purposes. 

4. Point and Eight Line. To designate the position 
of a point, PI. 1, Fig. 1, the projection of the point-and its 
reference are enclosed witliin a bracket, thus (28.50). This 
expresses that the vertical distance of the point from the 

?laae of reference is 28 feet and iifty-hundredths of a foot, 
'he position of a right line oblique to the plane of reference 
is designated by the projection ot the line, and the references 
of any two of its points. Thus in Fig. 1 the points a and 
5, upon the projection of the right line, with their respective 
references (25.15) and (28.50), determine the position of the 
line with respect to the plane of reference. 

When the line is horizontal, or parallel to the plane of 
reference, its projection, with the reference of one of ite 
points, will be sufficient to designate it, and fix its position 
with respect to the plane of reference. Thus in FCj. 1 tlie 
reference ^25.15), written upon the projection of tlie line, 
expresses tiiat the line is horizontal, and 25.15 feet from the 
plane of reference. 

5. For the convenience of niimerical calculation, the po- 
sition of a line, with respect to the plane of reference, is 
often expressed in terms of the natural tangent of the angle 
it makes with this plane ; but as this angle is the same as 
that between the line and its projection, its natural tangent 
can be expressed by the difference of level between any two 
points of the line, divided by the horizontal distance between 
the points. Now, as the difference of level between any 
two points of the line is the same as the difference of the 
references of the points, and the horizontal distance between 
them is the same as the horizontal projection of the portion 
of the line between the same points, it follows, that tne nat- 
ural tangent of the angle which the line makes with the 
plane of reference is found hy dvoid/tng the diference of the 
referenees of the points ly the distance in hoAsontal projee- 
iton between them. 

The vulgar fraction which expresses this tangent is term- 
ed the ineUnation, or deolmity of liie line. Thus the frac- 
tion \ would express that the horizontal distance between 
any two points is six times the vertical distance, or difference 
of their references; the fraction \, that the vertical distance 
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4 ONE FLAKE DESCEIPTIVE GEOMETKT. 

between any two points is two-thirds the horizontal distance ; 
the denormnaior of the fraction, in all cases, representing 
the nuTnher of pwrta in hortsontal projection, and the nume- 
ratof the correapondmg nv/mher of parts in vertical distance. 

When the position of a Kne is designated in this way, it ie 
said to be a line whose inclination or declivity is one-sixth, 
two-tliirds, ten on one, &c., or simply, a line of onesixcth, &c. 

6. Having the declivity of a line, the difference of refer- 
ence of any two of its points, the projections of which are 
given, will be found by multiplying the horizontal distance 
between them by the fraction wliitSi expresses this decliyity; 
in lilie manner the horizontal distance of any two points 
will be obtained by dividing the difference of their references 
by this fraction. 

To obtain therefore the reference of a point of a line, 
having its projection, the horizontal distance between it and 
that of some other known point of the Hne must be deter- 
mined from the scale of the (h-awing by which the horizontal 
distances are measured; this distance expressed in numbers, 
being multiplied by the fraction which expresses the decUvity 
of the line, will give the difference of reference of the two 
points ; the required reference of the point will be found by 
subtracting this product from the reference of the known 

Eoint, if it is higher than the one sought, or adding if it is 
)wer. Thns let (25.15) be the reference of a known point 
higher than the one sought ; tlie horizontal distance between 
the points being 35.75 feet, and the inclination of the line 
tV ; then 35.75 x jV = 3.575 will be the difference of refer- 
ence of the points, and 25.15 — 3.575 = 21.575, the requfred 
refei'enee. The converse of this shows that the horizontal 
distance between two points on this line whose difference of 
reference is 3.575 will be 3.575-^tV=35.T5 feet. 

7. When the projection of a line is divided into equal 
parts, each of which correeponds to a unit in vertical dis- 
tance, and the references of the points of division are written, 
it is termed tJis scale qf declivity of the line. In constructing 
the scale of declivity of a line, the entire references are alone 

Sut dovni ; one of tne divisions of the equal parts being sub- 
ivided into tenths, or hundredths if nece^ary, so as to give 
the fractional parts of the references corresponding to any 
fractional part of an entire division. 

8. The true length of any portion of an oblique line be- 
tween two given points is evidently the hypothenuse of a 
right angle triangle of which the other two sides are the dif- 
lerence of reference of the points, and their horizontal dis- 
tance. 
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ONE PLANE DESCRIPTIVE GEOMETKT, 5 

9. Plane. The position of a plane oblique to tte plane 
of reference may be determined either by tbe projections and 
references of thvee of its points; by the projections and de- 
clivity of two lines in it oblique to the plane of reference; 
or by the projection of two or more hormontal lines of the 
plane with their references. 

The more nsnal method of representing a plane is by the 
projections on the plane of reference of tbe horizontal lines 
aetermined by intersecting it by equidistant horizontal planes. 
These projections are termed rtomovials of the plane, those 
usually being taken the references of which are entire numbers. 

10. If in a given plane a line be drawn perp3ndicu!ar to 
any horizontal Tine m it, the projection of tliis line on the 
plane of reference will be also perpendicular to the projec- 
tions of the horizontals. The angle of this line with the 
plane of reference is evidently the same as that of the given 
plane with it, and is greater than the angle between any 
other line drawn in the plane and the plane of reference. 
This line is, on this account, termed tlie line of grmtmt de- 
cUvity of the plane. 

11. If the scale of declivity of the line of greatest de- 
clivity be constructed, it will alone serve to fix the position 
of the plane to which it belongs, and to determine the refer- 
ence of any point of the plane of which the projection ia 
giveu. For since the horizontals are perpendicular to tlie 
scale of declivity, the point where the horizontal drawn 
through the given projection of a point in the plane cuts 
this line will determine upon the scale the reference of the 
horizontal, and therefore that of the point, 

12. The inchnation or declivity of a plane with the plane 
of reference may be expressed in the same way as the incli- 
nation of its line of greatest declivity. Thus aplmieof ona- 
fourth; a plane ojUoenty on. one; a pla/ne (f two-thi/rds, 
express that the natural tangents of the angle between the 
planes and the plane of reference are respectively represent- 
ed by the fractions J, -'j*, and |. 

13. The horizontal distance between any two horizontal 
lines in a plane, the angle of which is given, can be found 
in the same way aa the horizontal distance between two 
points of a line, the inclination of which ia given. Art. 7, 
by dividing the difference of the reference of the two hori- 
zontal lines by the traction representing the decli^'ity of the 
plane; in like manner the difference of referencee of anj 
two horizontal lines will be obtained by multiplying their 
horizontal distance by the same fi^ction. 

14. To distinguish the scale of declivity, i*I. 1, Fig. 3, 
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6 ONE PLANE DESCEIPTITE GEOMETKY. 

from any other line of a plane, it ia always represented by 
two fine parallel lines, drawn near eacli otber, and crossed 
at tlie points of division, where the references are written, 
by short lines which are portions of the corresponding hori- 
zontals. 

With the foregoing elements the nsnal problems of the 
right line and plane can be readily solved. 

15. Problems of the Bight Iiine and Plane. 
Prob. 1, Pl.l, Fig. 3, Having the ^projections and refer- 

eiices of two Unes that intersect, to find tfie angle ietween them. 

Let ah be the projection of one of the lines, the refer- 
ences of two of its pointe (10,30) and (4.90) being given; 
cd the projection of the other line, (10,30), and (5.0) being 
the references of two of its points; (10.30) being the point 
of intersection of the two lines. 

Find on each of the lines, Art. 7, a point having the 
same reference (7.0). The line joining these two points 
will be horizontal, and projected into its true length ; taking 
this line as the base of a triangle of which the other two sides 
are respectively the true lengths of the portions of the two 
given lines projected between (10.30) and (7,0), Art. 7, the 
angle at the vertex will be the one required. 

16. Prdf>. 2, Fig. 4. Through a j?oint to draw a line 
paraUd to a givm, line. 

Let c (7.50) be the projection of the point ; ai that of 
tlie given line of which the two points (7.0) and (9.0) are 
known. 

Through c drawing cd parallel to ah, this will be the 
projection of the required line ; and as its declivity is the 
same as that of the given line, it will be only necessary to 
Bet off from c towards d, the same distance as between u.O) 
and (9.0), to obtain a point (9.50) as far above (7.50) as (9.0) 
is above (7.0), 

17. I'roo.S,J!*'ig.5. Throughapovntinajtlanetodrmi} 
a lime in the plane with a given inclination. 

Let cd be the scale of declivity of the given plane, and 
a (5.50) the given point ; and suppose, for example, that the 
declivity of the plane is | and that of the required line is yV- 

Draw the horizontal of the plane (5.50) which passes 
through the point, and any other horizontiil, as (7.0). The 
projection of the required line will pass through a, and the 
portion of it between the two horizontals wiU he equal. Art. 
6, to the difference of their references, or 1.5 ft. divided by 
the fraction which represents the inclination of the required 
line. Describing, therefore, from a, an arc, with this dis- 
tance ao or 1,5 -^ yV — 1^ ft- ^^ ^ radius, and joining the 
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ONE PLANE DESCKIPTIVE GEOMETRY. 7 

EoiDt 5, wliere it cute the horizontal (T.O), with a, tliis will 
e the projection of the required line. 

IS. J^roh. i, PI. 1, Fig. 6. Hamng three points of a 
j^mie, to construct its horizontals and scale of declmitij. 

Let a (12.0), h (15.25), and c (15.50), be the projections of 
the three points. Join a with the other two, and construct 
the scales of declivity of the lines of Junction, Art. 6. The 
lines joining the same references on these two scales will be 
horizontals of the required plane. Its scale of declivity ia 
eonstrueted by drawing two parallel lines perpendicular to 
the horizontals, and writing the references of the points 
where tliey intersect the horizontals. 

19. Pra>. 5, PI. 1, Fix}. 7. To find the hadzontaU of 
a plane passed through a gi/oen line and pceraUel to another 
line. 

Let ff5 and (?(? be the projections of the two lines. From 
a point (10.0) on cd draw a line df, Prob. 2, parallel to «5; 
and by Prob. 4 find the horizontals of the plane of df and 
cd; these will be the required horizontals. 

20. Prob. 6, PI. 1, Fig. 8. To ^d the h&risontah of a 
ploMe the deiilivity of which is gwen, and which passes 
through a given Um. 

Let hd be the scale of declivity of the given line, and 
suppose, for example, the declivity of the line to be y'j and 
that of the required plane to be i. 

Since the horizontals of the plane must pass through the 
points of the line having the like references, and as the dis- 
tance in projection between any two of them, Art. 13, will 
be equal to the difference of their references divided by the 
fraction giving the declivity of the plane, it follows that to 
find the one drawn through b (li.O), for example, it will be 
simply necessary to describe from any other point, as a 
(12.0), an arc ot a circle, with a radius of 12 ft., equal to 
the quotient just mentioned, and to draw a tangent to this 
arc from b. If any other horizontal, as (16.0), is required, 
which would not intersect the projection of the given line 
within the limits of the drawing; any two points, as (12.0) 
and (14.0), for example, may be taken as centres, and two 
arcs be described from them, with radii of 12 and 24 ft., 
calculated as above, and a line be drawn tangent to the 
are; this tangent will be tlie required horizontal. 

21. Prob. 7, PI. 1, Fig. 9. Having either the hyrisontah 
or Hie scales of declivity of twoj>lanes, to find their intersec- 
tion. 

Join the points ah where any two horizontals, as (12.0) 
and (14.0), in one plane intersect the correaponding horizon- 
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8 OXE PLASE DE8CEIPTIVE GEOlfETET. 

tals of the other, and the hne so di'awn will be the projection 
of the required intersection. 

23. W hen the horizontals of the two planes are parallel, 
or when they are so nearly parallel that their points of in- 
tersection cannot be aceuratelj' found, the following method 
may be taken; Draw any two parallel lines as cd, c'd', PI. 
1, Fig. 10 ; theEe map be considered as the horizontals of an 
arbitrary plane, and having the same references, (13.0) and 
(14.0), as the two corresponding horizontals in each of the 
given planes. The intersections of the horizontals of the 
arbitrary plane with those of the given planes will determine 
two lines, mji, tn'ti', which, being the projections of the in- 
tersections of the given planes with the arbitrary plane, 
will, by their intersection o, determine the projection of a 
point common to the three planes, and therefore a point of 
the projection of the intersection of the two given planes. 
Assuming any other two parallels ah, a'V, as the horizontals 
of another arbitrary plane ; finding in like manner the point 
o' and joining o and o' by a line, this will be the required 
projection. 

When the horizontals of the two planes are parallel, one 
point, as o, will be sufficient to determine the required pro- 
jection, as it will be parallel to the horizontals. 

23, Prt^. 8, PI. 1, Fig. 11. Tojmd wTwee a given Une 
pierces a given plwiie. 

Through the projections of any two pointe of the given 
line, as m', n', having the same references, (12.0), (14.0), as 
two horizontals of the given plane, draw two parallel lines, 
ab, a'h', which may be taken as the horizontals of an arbitrary 
plane. The projection of the line of intersection, mn, ot 
this plane with the given plane being determined by Prdb. 
7, the point o where it intersects the projection of the line 
mfn' will be the projection of the required point, the refer- 
ence of which can be foimd from the scale of the plane. 

24. Prob. 9, PI. 1, Fig. 12. To draw from a giwen 
^oint a perpenaiicidar to a given ^loMe, and jlnd its ImgtJi. 

Let a (12.0) be the projection of the given point ; and 
let the given plane be represented by its scale of declivity. 

The projection of the required perpendicular will pass 
through a, and be parallel to the scale of declivity of the 
given plane. The angle which it makes with the plane of 
reference is the complement of that between this plane and 
the given plane ; its tangent therefore will be the reciprocal 
of the tangent of that of the given plane. 

Drawing therefore through a the line ae parallel to bd, 
and constn^cting its scale of declivity, Art.l, this will be 
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tlie projection of the required perpendicular. Tlie projuc- 
tion of tlie point o where it pierces the given plane is found 
by Prdb. 8, and the true length of the perpendicular by 
Art. 8. 

25. Geometrical and Irregular Surfaces. 

All other aurfiices may, like the plane, Art. 7, he repre- 
sented by the projections on the plane of reference of the 
curves or lines cut from them by equidistant horizontal 
planes, together with the references of these curves ; as many 
of these projections being drawn as may be requisite to de- 
termine all the points of the surface with accuracy ; and 
their references being written in the same way as those of 
the horizontals of a plane. 

In the more simple geometrical surfaces, a single hori- 
zontal curve, with the projection of some point or line of 
the surface, wiU alone suffice. For example, the cone may he 
represented by the projection and reference of any curve cut 
from it by a horizontal plane, with the projection and refer- 
ence of its vertex ; a cylinder by the projection and reference 
of a hke curve, with the projection and reference of its axis, 
or of one of its right line elements ; a sphere by the projec- 
tion and reference of its centre and that of its great circle 
parallel to the plane of reference. 

26, This method of projection is more particularly ad- 
vantageous in the representation of irregular surfaces which, 
like the natural surfaces of ground, for example, are not sub- 
mitted to any geometrical law, and in solving the various 
problems of tangent and secant planes to surfaces of this 
character. These surfaces can, for the most part, be alone 
represented by the projections of the horizontal curves cut 
from them by equiffistant horizontal planes, and by suppos- 
ing the zone of the real surface contained between any two 
horizontal curves to be replaced by an artificial zone, sub- 
jected to some geometrical law of generation, which shall 
give an approximation to the real surface sufRciently accu- 
rate for the object in view. The usual method of doing this 
is to take two consecative horizontal curves as the directrices 
of the artificial surface of the zone, and to move a right line 
BO as to continually intersect each of them, and be perpen- 
dicular to the consecutive tangents to one of them, tlie upper 
one being usually taken for tms last condition. 

If in PL 1, Fig. 13, for example, (6.0), (7.0), &e., are the 
projections of the horizontals of a surface, the zone between 
the carves (6,0) and (7.0) may be replaced by an artificial 
surface, the position of the projection of the generatrix of 
which, at any point of the upper curve (7.0), will be deter- 
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mined by constructing tbe horizontal tangent at that point, 
as a, for example, and drawingaS perpendicular to it and 
intersecting the lower curve. The position of the generatrix 
a'V at any other point a' is constmeted in lilce manner. 

27. To obtain any horizontal of the artiticia] zone inter- 
mediate to the two directrices, it will be only necessary tc 
construct several positions of the generatrix, and to find on 
these thepoints having the same reference as the required 
curve. The horizontal of the surface (6.50), for example, 
will bisect the projections of the generatrix in its vai'ious- 
positions. 

Problems of Irregular Surfaces and the Eight 
Ziine and Plane. 

28. Proh. 10, PI. 1, Fig. 14. Throngh a given point in 
a vertical pUme which intersects a surface, to draw a tangent 
to the curve qf intersection of the plane and surface. 

Let a (5.50) be the given point, and ah the trace on the 
plane of reference of the given plane. The points where 
this trace intersects the horizontal curves of the surface will 
be the projections of points of the curve cut from the surface 
by the plane. 

Let any arbitrary line as ao be now drawn through a, 
and its scale of declivity he constructed; and let lines be 
drawn between the points having the same references on ac 
and on the horizontal curves where <A intersects them. These 
lines will be theprojections of horizontal lines and will gen- 
erally make different angles with ac. The one as (7.0), 
whitji maltes the smallest angle with it, towards the descend- 
ing portion, will determine the projection o of the tangential 
point. For, construct the scale of declivity of the hne of 
which a, (5.50) is the projection of one point, and o (7.0), on 
db, another. Comparing now the references of the points 
on the line, and which is assnmed as the projection of the 
required tangent, with the referencee of the points of the 
curve having the same projection, it will at once be evident 
that these two lines have only the point projected in (7.0) in 
common, and that every otner point of ttie right line, of 
which «o5 is the projection, is exterior to the curve, and 
therefore the line itseif must be tangent to tbe curve at the 
point determined as above, 

29. Pr<A. 11, PI. 1, Fig. 15. To construct the demmita 
of a cone, •with a given- vertex, which shall &n,vd<ype a given 
snuiface. 

Let (10.0), &c., be the horizontals of the given surface ; 
and a (6.0) the projection of the vertex of the cone. 

From ff, draw Imes ah, ah', tfec, as the horizontal traces 
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of vertical planes which paaa tlirough the vertex and inter 
Beet the surface. Construct, by ProK 10, the tangenta from 
a to the curves cut from the surface by the planes db, &e. 
These tangenta wiU be the required elements. 

30._ Proh. 12, PI. 1, Fig. 15. _ To find the cwrm o/ in- 
tersection of a cone envelopinff a given surface J»j a horizon- 
tal plcme. 

Let (9.0) be the reference of the given horizontal plane. 
Having tbmid, by Probs. 11 and 12, the elements of the cone, 
and constructed the scale of declivity of each one ; then 
joining the points o, o', o", having the same reference on 
each scale as the given horizontal plane, a continuous line 
nio"o'on will be obtained, which wUl be the projection of 
the points where the elements pierce the given plane, and 
therefore the projection of the required intersection. 

_31. Prob.lZ,Pl.%Fiy.\. AUimtedextentof Bv^aee 
heinff gimen, and apoimt exterior to it, to find the Um/its with- 
in which planes ntay ie passed through this point ami lie 
above all the given surface. 

Let a (8.0) be the projection of the given point; (10.0), 
(9.0), &c., the horizontals of the given surface, the limits of 
which are the sector contained within the arc SI)0, and 
the two radii aB and aO. 

Taking a as the vertex of a eone which shall envelope 
the given surface, the elements of this cone can be found by 
Probs. 11 and 12. Any plane tangent to this cone, which 
does not intersect the surface ■within the given hmits, will 
satisft' the conditions of the problem. 

Irom the position of the vertex of the cone with respect 
to the surface, it will be seen that a horizontal plane, passed 
through the vertex, will cut from the cone two elements 
which will be projected in the two horizontals ah' and ah" 
(8,(>) of the cone, the first of which will be tangent to the 
horizontal (8.0) of the surface, and the second ai" will 
pierce the surface, where the limiting arc BDG cuts the 
same horizontal (8.0); and that all the elements projected 
within the angles Bah' and Gah" will lie below the horizon- 
tal plane (8,0), ISow, if the elements within these angles 
be prolonged beyond the vertex, they will form two portions 
of cones having the same elements as the portions below the 
vertex, and it is evident that any plane passed tangent to 
either lower portion, as h'aB, witniii one of these angles, 
will leave this portion below it, and the corresponding por- 
tion, formed by the prolonged elements, above it; and, in 
order that this plane shall satisfy the conditions of the prob- 
lem, it must also leave the portions of the cone within the 
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angles h'ah", and V'aC, also below it. The same reasoning 
applies to planes passed tangent to the portions of the cone 
within each of the other two angles, it is therefore evident 
tliat a plane, which sliall satisty the conditions imposed, 
must leave all that portion of the cone which lies above the 
horizontal plane (8.0) through the vertex, below it, and all 
the prolonged portions, corresponding to the portions below 
the plane (8.0), above it. 

To find any such plane, let the cone be inferaected by a 
horizontal plane, as (9.0), by Prob. 12. This plane will eut, 
from the portion of the cone within the angle Vab", a curve 
of which non' is the projection ; tbe two extreme points of 
this curve, within the limits, being at the points nn', where 
the horizontal (9.0) of the surface cuts the limiting arc ; it 
will also cut, from each of the prolonged portions, a curve, 
the one mr, and the other wiVy the extreme point th of w/r 
being on the prolongation of the extreme element aCj that 
m' of the other on the extreme element aB, on the other 
side, prolonged. Having obtained these three curves, let 
tangent lines, ma, m's', be drawn, from the points m andwi', 
to the curve non'. A plane passed through either of these 
tangents and through the corresponding element of the cone 
as or as', drawn through the tangential point, will be a tan- 
gent plane to the cone; and as either of these planes will 
leave the curve non' on one side of it, and the two curves 
vvr, and m'r', on the other, it will leave all the portion of 
the cone con-eaponding to the first cm-ve below it, and the 
portions corresponding to the other curves above it ; and 
will therefore satisfy the required conditions. The same will 
hold true for any tangent plane to tlie cone along any ele- 
ment drawn between the points s and s'y since the tangent 
drawn to any point of the curve nonf, between the points e 
and s', will leave this curve on one side of it, and the other 
two, mr and mV, on the other. 

32. Prob. 14, PI. 1, Fig. 16. Through a givm Une to 
pass a ^j^ree tangent to a surface. 

1st. Let ab be the projection of the given line, and (10.0), 
(9.0), &c., the horizontals of the surface. From tlie points 
on the line, as (10.0), &c., draw lines tangent to the horizon- 
tals having the same references ; the tangent which makes 
with the projection of the line the least angle towards the 
descending portion, will, with the line, determine the requir- 
ed plane. 

For, let the tangent (10.0) be the one which makes with 
ah the least angle; from the other points, (9.0), &c,, of aJ, 
draw lines parallel to the tangent (10.0) ; these lines will lie 
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in tte plfine that contains this tangent and aJ, and will be 
horizontals of this plane ; they also lie re^ectively in the 
planes of the horizontaU (9.0), (8,0), &c., of the surlaee, but, 
since they fall exterior to these horizontals, it follows that 
their plane also lies exterior to every horizontal curve of the 
surface, except at the curve (10.0), and where it touches the 
flurfaoe at the point of contact of its horizontal (10.0) with 
this curve. 

2d. When the line ah, PI. 1, Fig. 17, is horizontal, let 
tangents be drawn to the horizontal cnri'es and parallel to 
ah. These tangents may be regarded as the elements of a 
cylinder which envelops the surface, the tangent plane to 
which will be tangent to the surface. To iind the element 
of contact of the plane and cylinder, let the cylinder and 
given Hne be intersected by an arbitrary vertical plane, of 
which od ia the trace, From the point o, (6.5), where the 
line pierces this plane, let a tangent line be drawn to the 
curve cut from the cylinder by the plane, by Pt(^. 10. The 
point of contact will determine the position of the element 
of the cylinder along which the plane, through ah, will be 
tangent ; since the tangent to the curve projected in od, with 
the line a&, wilt determine the tangent plane to the cylinder. 

3d. When the line aj, PI. 1, Fig. 18, is so neariy hori- 
zontal that tangents cannot be drawn from its points, within 
the limits of the drawing, to the horizontal curves. Let any 
point of the line, as o, (7.0), be taken as the vertex of a cone 
enveloping the surface ; a plane passed through the Hne and 
tangent to the cone will be tangent to the surface. 

Find, by Prfha. 10 and 11, the projection mrii of the 
curve cut from this cone by the horizontel plane (8.'0) ; from 
the point (8,0) of ah draw a tangent to mm. This tangent, 
with the line ab, will determine the required plane. 

33. Prdb. 15, PI. 1, Fig. 19. To find ajiproximatdy 
the point where a given right line pierces a surface. 

Let (8.0), (9.0), &e., be the horizontals of the surface, and 
df the scale of deehvity of the line. Through any two 
points, as a (9.0) and o (8.0), draw two parallel Hnes, as am 
and en, which may be taken as the horizontals of an arbi- 
trary plane passed through the given line. Joining the 
points ™, n where the horizontals of the arbitrary plane in- 
tersect the corresponding horizontals of the surlaee, this 
line 7/in will be the approximate intersection of the plane 
■with the zone of the surface between the horizontals (8.0) 
and (9.0), and the point o where m/n, intersects ^ will ba 
the approximate point required. 
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34. Proh. 16, PI. 1, Mff. 20. To find the inUrsecUon 

Let (10.0), (9.0), &c., te the horizontals of the surface, 
ef the scale of declivity of the plane. 

Draw the horizontals of the plane having the same refer- 
ences as the horizontals of the surface, the points of inter- 
section of the corresponding lines -will he the projections of 
points of the required intersection. 

When it is desired to find a point of the curve of inter- 
section intermediate to two horizontal curves ; if the refer- 
ence of the required point is fixed, it will be necessary to 
construct. Art. 27, the horizontal of the surface, and the 
horizontal of the plane having this reference; their intersec- 
tion will give the projection of the required point. If the 
reference of the required point is not ^ed, draw any gene- 
ratrix, as ac of the zone ou which the required point is to be 
found, and by Proh. 8, Fig. 11, find the projection of the 
point, as o, where etc pierces the given plane ; this will be 
the required point. 

35. Application of Preceding Problems. 

The following problems will aid as illustrations of the 
preceding subject in its appheatiou to the determination and 
delineation ot lines and surfaces. 

36. Prdb. 1, PI. 2, Fig. 2. Thephme of die of a work, 
ihe exterior Une <md scale of dedimty of its terre^lein heiTig 
gi/oen; to eonsirwet the ^xine of the rampoft^sume and its 
foot; aho aramp of agi/eeni^dm^itional^gtherampaH- 
shpe leading from the mane of site to the terre^lein. 

liet a (74.50) and & (76.0) be the references of two points 
on the exterior line of the terre-plein, and mn its scale of 
declivity ; let the rampart-slope be f , the declivity of the 
ramp J, its width 4.30 yards ; and the plane of site be hori- 
zontal and at the ref. (60.0). 

The foot of the rampart-slope lying in the plane of site 
will be horizontal, and will be determined, Prob. 6, Fig. 8, 
by finding the line of the slope at the ref (60,0). 

Having the two bounding lines of the rampart-slope, the 
inner line cd of the ramp is constructed, by assmning a 

Soint c, on the foot of the rampart^lope, as the point of 
eparture, and determining the line of ^ drawn from o on 
the rampart-alope by Prob. 3, Fig. 5. Having found this 
line, which is also the line of greatest declivity of the ramp, 
the exterior line ef of the ramp is drawn parallel to it, and 
at a distance 4.30 yds., equal to the width assumed for the 
ramp. The horizontals of the ramp wiU be perpendicular 
to these two lines. The foot of the ramp, ce, will be a hoiv 
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izontal liae, drawn through the point of departure. Tlie 
top of it, dj, will be detemiiued by Proh. V, Fi-g. 9, by find- 
ing the intersection of the ramj) and the terre-plein, one 
point of which will be the point d (T6.30}, the intersection 
of the inner line of the ramp and the interior line of the 
terre-plein. 

The ramp is terminated on the exterior, by passing a 
plane through its exterior line ef having the same elope aa 
the rampart-slope. This plane will intersect the plane of 
Bite in a line parallel to tne ibot of the rampart-slope, and 
the terre-plein in one parallel to the extenor line of the 
terre-plein, 

ST. PtoI. 18, PI. 2, Fig. 3. Having given the lines of 
the para^t of a worh amd the saalea of dectimity of the planes 
of lis interior oresi and terre-plein, to determme tlie lines and 
swifaoes of a ha/rhette in its saUent for five guns. 

Let <w be the scale of declivity ot the plane of the interior 
crest, which, as the terre-plein is parallel to the plane of 
the interior crest and 8 feet below it estimated vertically, 
will also serve as the scale of declivity of the terre-plein, by 
subtracting 8 feet from the references of the former to obtain 
the corresponding references of the latter. Having con- 
structed a pancoupe of 4 yds. in the salient, find the intersec- 
tion of the top surface of the barbette, which is horizontal 
and assumed on the drawing at the reference (82.75) with 
the planes of the interior slope, this intersection will deter- 
mine the foot of the genouiliere of the barbette. From this 
last line at the pancoupe set back along the capital a distance 
of 8 yds., and from the extremity of this line draw a per- 
pendicular to the interior crest of each face. The pentag- 
onal figure thus marked out will be the space for the gun m 
the saEent. From the foot of each of the perpendiculars 
set off along the faces distances of 12 yds. for the lengths 
along the interior crests to be occupied by two guns on each 
side of the salient. Setting back from the extremities of 
these two last distances perpendiculars to the inteiior 
crest of 8 yds. and drawing lines through the extremities of 
these perpendiculars parallel to the interior crests, they with 
the two perpendiculars will mark out the exterior bounding 
lines of the barbette. By passing planes of f or 45° through 
these exterior lines, and finding by Prob. 7, Fig. 9, their in- 
tersections with the terre-plein, these lines will be the foot 
of the barbette slopes. A ramp having a slope | leads from 
the terre-plein to tne top of the barbette ; the width of this 
ramp is 3,30 yds,, its interior line in projection being on the 
prolongation of the foot of the banquette slope. The r.imp 
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is terminated tj side slopes of \, the mtersectioiiB of wliich 
with tlie terre-plein and the slopes of the barbette and ban- 
quette are found by I*rob. 7, M(/. 9. The foot of the ramp 
or its intersection with tlie terre-plein is also found by the 
Bame problem. 

As the top surface of the barbette is horizontal, it may 
be necessary m some eases to make the interior crest along 
the barbette also horizontal, in which case the superior slope 
of the parapet along the barbette being higher tlian the 
rest of it, the two planes will be connected by a plane of 
45°, as at G. 

38. Pr(^. 19, PI. 2, Fi^. 4. To determine theiovmding 
surfaces of a raTrm leading up an irregvlar surface and so 
placed that its ams or centre line shaU nea/rly aoi/ncide with 
the irregular surface. 

Let (8.0), (9.0), &c., be tlie horizontal curves of the sur- 
face, and let a (8.0) be the point of departure or foot of the 
ramp. Assuming the declivity of the ramp i, for example, 
from a, with a radius of 9 units, describe an arc, and join 
by a right line the point 5 where it cuts the horizontal (y.O) 
with the point. Kepeat this construction from J to c on the 
horizontal (10.0); and so on to the top e or point of arrival. 
The broken line a^b-c-d-e wiU be the projection of the axis. 
Bat, to avoid the angular changes of direction, the straight 
portions of the axis may be connected at the angular points, 
by setting off from h, for example, the equal distances ha', 
bo', and connecting these points by an arc of a circle tangent 
to the straight portions. The same construction being re- 
peated at the other angular points, the broken line will be 
replaced by the sinuous Hue aa'c', &c., as the axis. Having 
determined the axis, the exterior and interior lines of the 
top surface are drawn parallel to the axis, and at a distance 
from it equal to half the assumed width of the ramp. 

From the position of the axis the exterior half of the 
ramp will be in embankment and the interior in excavation. 
To determine the side slopes of the embankment pass planes 
through the straight portions of the exterior edge of the 
ramp, and find by frob, 6, PI, 1, Mg. 8, the horizontals of 
these planes, and by Prob. 16, Ing. 20, the intersections of 
tJieae planes with the irregular surface. The plane surfaces of 
the side slopes thus determined are connected by curved sur- 
face which pass through the curved lines of the exterior edge. 
Th^e surfaces may be determined as follows : Take, for ex- 
ample, the point n at the foot of the plane side slope A where 
it cuts the radius through a' prolonged, of the arc a'e'; and 
the point on the radius through c' where it cuts the foot of 
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tlie plane aido slope B. The lines of which «ii ani ov, are 
the projections will evidently have the same inclination, and 
they may he assumed as the lines of junction of the plane 
slopes A and B and the curved side slope a;. This curved 
Bide slope may then be generated by the motion of a right 
line which has the top line of which im is the projection for 
its directrix, whilst in its motion it makes a constant angle 
with the plane of comparison, and its projections are con- 
stantly normal to the arc vu. From the construction com- 
prising these conditions the foot wo of the curved portion x 
of the side slope is det-ermined. The same constructions are 
repeated to ohtain the portions O of the plane, and y,2 of 
the curved aide slopes, with the line Tn-n-o-jhq-rs the ibot of 
these slopes. 

The side slopes of the part in excavation A', B', C and 
a;', y' with the line m'-n'-o'^'-q'-r' are determined by like 
constructions. 

The portions of the top surfaces of the ramps bounded 
by the arcs of circles are helicoidal surfaces, of which tha 
axis is the directrix and the plane of comparison the plane 
director. 

The curved surface side bIo] 9 are 1 evi lently helicoi- 
dal surfaces, the directricea of wl h are the curved lines 
above mentioned, and the verti i! 1 es thr ^li the centra 
of the ares which are the project ons ot tho e curved lines. 

Remarks. In the figure tl e dechv ty ot the side slopes 
of the embankment is one-haJf the exeivat n. The decliv- 
ities of the curved portions of the top are greater than those 
of the plane surfaces, the difierence depending on the angle 
between the straight portions of the axis. 

39. Observations on the beat mods of executing 
Dra^nngs. 

Accuracy. The first requisite in all drawings is minute 
acouraoy, both in the geometrical constructions, and in writ- 
ing down all letters and numbers which serve either as ref- 
erences, or to give dimensions. To attain this, so far as 
regards the geometrical part, judgment is to be exercised in 
the selection of the means for establishing on the drawing 
the positions of the various points which are either given or 
to be found ; as one method although in theory as correct as 
some other may not, in practice, be found to yield as satis- 
factory results. The following remarks will serve to illus- 
trate this point : 

1st. In setting off from a scale of equal parts several dia- 
tatwes, along a Ivm, whether eqnal or unequal, the most ac- 
curate method is to commence by first setting off the entire 
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distance, and then the several parts ; tating care to verify, 
from the scale, the aggregate of the several partial distaneee j 
thus in the example Pi. 2, 1''ig. 5, where the aggregate of 
all the partial distances is 60.33 feet, commence Dy setting 
off the entire distance 60.33 feet ; next 50,33, which is the 
Bum of the two distances 20' and 30'.33, then verify the re 
maining 10' by the scale. 

2d. TTAen a distance to le set off is ao stnaU that it can- 
not be laid down with accuracy by the points of the dividers, 
the following method may be employed : set back, from the 
point from which the required distance is to be set off, any 
arbitrary distance, then set forward, from this last point, a 
distance equal to the sum of this arbitrary distance and the 
one requfred ; thus in PI. 2, Fig. 6, where 2' is to be set off 
from a towards c, set back from a say 30' to S, then from h 
32' to e. 

3d, To set off a point at a given perpendicular distance 
from, a Une, it will mostly be lonnd more speedy, and more 
accurate, to take off from the scale the given distance, in 
the dividers, and, setting one point on the paper, bring the 
other ao that the arc described by it, with the given distance 
as a radius, shall be tangent to the line, than to employ the 
usnal method of first erecting a perpendicular to the line 
and then settii^ off the required point along the perpendie- 
nlar ; thus in JPl. 3, Mg. 1, wishing to set off c at 30' from 
o6, take 30' in the dividers, and, by the eye, find where one 
point must be placed ao that the other describing an arc will 
touch ah. This method will be fonnd convenient in drawing 
a parallel to a line at a given distance from it by setting off 
anotlier point in the same way, and drawing through the 
two the required parallel. 

4th. In setting off several points for the purpose of draii>- 
ing severcH paraMels to a given line, as, for example, the par- 
allel lines which bound the planes of a parapet, it will be 
found most speedy and accurate to draw iirst upon a slip of 
smooth thin paper two lines perpendicular to each other, 
tlien marking on one of the lines the respective given dis- 
tances of tlue parallels from the other, and cutting the paper 
close to the line along which the given points are marked 
off, so that the atrip when laid upon the drawing so as to 
have one of its lines to coincide with that to which the par- 
allels are to be drawn, their distances from it can be pricked 
off by a sharp pointed pencil, or in any other way. In PI. 
2, Fig. 8, ai IS the line of the drawing ; A the strip of paper, 
/c, fd, fe, &c., the distances at which the parallels are to be 
drawn from «5, marked ofF on tlie edge of A perpendicular 
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to tlie line ^, whicb line when A is laid on the di'i. ffing, 
flhonld coincide with ab. If the line ab ie somewhat long, it 
will be better to set off these points near each of its extrem- 
ities and join them by lines, than to draw the parallels in the 
usual wayby aid of the ruler and tiiangle. 

5th. When a point is to he constructed hy mewns of the 
intersection of two lines a/rhitrarUy chosen, such a position 
should be assumed for the arbitrary lines that they snail not 
form a very acute angle at their point of intersection, as in 
that case this point might not be so distinct to the eye as to 
be marked with accuracy. For example, in erecting a per- 
pendicular to a line at a given point, and in like problems, 
)n which points are found by the intersections of arcs of cir- 
cles, it will be best and most convenient to take for the radii 
of the arcs the distance between their centres, as the angle 
between the tangents to the area at their point of intersection 
will then be 60", which is a suf&cient angle to give accurately 
the point where the lines cross. In cas^ like Figs. 10, 11, 
Arts. 22, 23, the arhitrarr lines ah, a'b', t&c., should be so 
chosen as to intersect the horizontals nearly at right angles, 
and so, also, that the resulting lines, by which the points o, 
o', are determined, shall not intersect in too acute an angle. 

In all such cases of determining points, and where a point 
is pricked into the paper, it will be found well to designate 
tlie point thus O, by a small circle drawn around it witii the 
lead pencil, in order that the eye may see it with more dis- 
tinctness. 

6th, In determining a portion of a Une "by the oon^truo- 
tion of two mUtra/n/ points, the points should be so chosen 
that the portion required may fall between them and not 
beyond them. In Pi. 1, Fig, 10, for example, if the requir- 
ed portion of the line of intersection of the planes extended 
on either side, beyond o, or o', or beyond both, the lines ah, 
cd, &c, should he so chosen as to bring o and o', as far apart, 
at least, as the length of the required portion of the line 
which they serve to determine. 

7th. No means of verifying the accuracy of the construc- 
tion of points, or lines, should be omitted. In PI. 1, Fig. 9, 
for example, other corresponding horizontals should he drawn, 
and, if the line of intersection determined by the two points 
flrst found is correct, their pointa of intersection also will 
Ml upon it. In PI. 1, Figs. 9, 10, the scale of declivity of 
the line of intersection being determined, the references of 
the points, where it intersects the scales of decKvity of the 
planes, should be the same as the same points on the scales, 
if the line has been accurately determined. A general and 
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minute vcrifleation of all the parte of the drawing should h« 
made before any portion of it is put in ink. 

Neatness. This is a not unimportant element in the at- 
tainment of accuracy in drawing, A few minutiae, when 
attended to, will subserve this end. 

That pai-t of the paper on which the draughtsman is not 
working should be kept covered with clean paper, pasted on 
the edge of the board, so as to fold over the drawing, and 
the parts which are finished should be similarly protected. 

Before commencing the daily work the paper should be 
carefiilly dusted, and the scales, rules and triangles be care- 
fully wiped with a clean dry rag. 

As few lines of construction as possible should be drawn in 
pencil ; and only that part of each which may be strictly ne- 
cessary to determine the point sought. As, for example, where 
a point is to be found by the intersection of two ares of cir- 
cles ; when the position of the point can be approximately 
judged of by the eye, only a portion of one arc, which will 
embrace the point, may be drawn, and the point where the 
second arc would intersect the flret be marked without 
describing the are. In PI. 1, J^ig. 10, instead of drawing 
the entire hues ai, ed, &c., it would be simply necessary to 
mark the points only where they cut the horizontals ; and, 
in like manner, the points o and o' might be marked without 
drawing the entire hues. 

No more of any line of the drawing should be made in 
pencil than what is to remain permanently in ink. The ob- 
ject of these precautions is to keep the paper from becoming 
covered with dirt and the lines from being defaced by the 
wear of the paper. 

TnTritig. In inking the lines the following directions will 
be found useful : 

Efface carefully all pencil lines that are not to be inked ; 
and those parts of the permanent lines which are not to re- 
main, before commencing to ink. 

When right lines are tangent to corves, put in ink the 
curve before the right line ; draw all arcs of equal radii at 
once, one after the other; if several arcs are to be described 
from the same centre, it will be well to put a thin bit of quill 
over the point for the end of the dividers to rest on, to avoid 
making a large hole in the drawing. 

If the drawing is not to be colored with the brush, all 
the lines of one color should be put in before commencing 
on those of another. 

If one of the bounding lines of a surface is to be made 
heavier than the others, its breadth should be taken from 
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the surface they limit and not be added to it ; aiid wlien the 
heavy line forma the houiidary of two surfaces, its breadth 
must he taken from the one of greatest declivity. 

Coloring. "When the drawing is to he colored, all linea 
that are not to be black may be put in first with black, mak- 
ing them very faint, so that they may receive their appro- 
pnate colors after the drawing is otherwise completed. 

No heavy line should be put in until the work with the 
brush is completed. 

When all the lines are in, the drawing should bo thor- 
oughly cleaned with stale bread-crumb ; and tlien have sev- 
eral pitcliers of water dashed over it, the board being placed 
in an inclined position to allow the water, colored hy the ink 
lines, to escape rapidly, and not to discolor the paper. 

In using the brash, whether for flat tints, or graded, tlie 
requisite depth of tint should be reached by a number of 
faint tints laid over each other ; tliis is especially necessary 
in laying tints of blacks, browns, and reds. 

To obtain an even flat, or graded tint, on dry paper re- 
quires considerable skill. The best plan for this is, flrst to 
wet with a large brush, or clean rag, tlie surface on which 
the tint is to be laid, then, with a Sightly moist rag, clear 
the surface of water, and before the paper has time to dry 
to lay on the tint. With this precaution, the heaviest tints 
of Chinese ink, the most diihcult of all to manage on dry 
paper, can be neatly laid down. 

Tlbles, Slc. Tlie lettering and numbering of a drawing 
should be in ordinary printed character; this is particularly 
requisite in the numbering, to avoid misapprehensions which 
otten arise from individual pecoliarities in writing numbers. 

As has been already remarked, references are written in 
black, within brackets whicli, when practicable, embrace tlie 
point referred to. When not practicable, a small dotted line 
may lead from the point to the reference ; tliua, 0. , .(25.50) ; 
but to distinguiah references from other numbers the desig- 
nation of the unit is omitted. 

AU horizontal distances between points are written upon 
a dotted hne drawn between the points, with an arrow-head 
at each end ; where several partial distances in a right line 
are marked, it will be also well to mark the total distance : 
the latter may be written above or beneath the former, 1*1. 
2, Mg.5._ 

In writing horizontal distances, the usual designation of 
the unit is always written thus, y for yards, ' for feet, &c. 
All the numbers must be expressed in the same unit; the 
fractional parts being in decimals. 
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References and horizontal distances cannot be too much 
multiplied, in order to avoid misapprehenBions, and the re- 
sults of errors of construction, as well as to save the time 
that would he taken in applying dividers to the drawing to 
find from the scale affixed to it the dimensions of any part. 

Scale. A scale very accurately eonetructed should be 
affixed to the drawing before it is cut from the board ; so 
that the shrinkage of the paper, which is about jj^, may 
affect all the parts equally, and the scale thus be made to 
correspond to the real lengths of the hnes on the drawing. 
The scale should be divided according to the decimal system, 
as being most convenient for counting off. 

The first division of the scale should iumish the units 
and also their decimal parts, if the scale bears that propor- 
tion to the true dimensions of the object represented which 
will admit of these divisions. This first division is numbered 
from right to left, PI. 2, Fig. 9, the zero point being on the 
right, the 10 point on the left; the succeeding divisions, to 
50 inclusive, should each be equal to the first division, con- 
taining ten units each. The remaining di^asions may con- 
tain fitty units each. It will be seen that any number of 
tens, units, or fractional parts of a unit can thus be readily 
taken off from the scale by the dividers. The scale should 
be long enough to give the dimensions of the longest line on 
the drawing. 

The proportion ■which the scale bears to the true dimen- 
sions of the object should be written above the scale ; thus, 
Scale one irtch to ten ya/rds, or ^|^. And the designation 
of the unit of the drawing should be annexed to the last 
division on the scale, as yds. for yards,yi^. for feet, &c. 

JVofo. — For more detailed directions on the mechanictal 
or instrumental methods of geometrical drawing, see Mahan's 
Indusbrial Drawing, 
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STONE CUTTINa. 



STOKE CUTTINa. 

The obiect of this Article is to explain the geometrica 
methods of representing the more usual and elementary 
combinations of hloets of stone in walls and arches, by 
means of their projections ; and from these and the data of 
the problem to deduce the true dimensions of the bounding 
surfaces and lines of each part. 

Walls bounded by Plane Surfacea. In walls of cut 
stone' the blocks are usually separated by horizontal and 
vertical joints; the latter being in vertical plan^ perpendic- 
ular to the face of the walls, and which are termed plrnies 
of rigM secHon, to distinguish them from other vertical 
planes of section. When the face of the wall is inclined to 
the horizon, its slope, or iaUr, is usually expressed by the 
ratio of the base of the slope to the perpendicular, measured 
in the plane of right section ; or the slope is said to be so 
many base to so many perpendicular. In the right section 
A'M'G'D', (PI. A, Fig. 1^ for example, the inclination of 
the face A'V' to the base of the wall A B\ is measured by 
dividing the perpendieolar G'E' from C" upon the line A'B\ 
by the distance A'E' between the point A' and Lhe foot of 
the perpendicular. The quotient ^j, thns obtained, is ev- 
idently the natural tangent of the angle O'A'E'; and the 
most convenient method of representing the batir is by a 
fraction ; the numerator expressing the number of units in 
the perpendicular, and the denominator the corresponding 
number of units in the base; thus a batir of f expresses a 
slope of sis perpendicular to one base ; a batir of |, one of 
three perpendicular to two base, &e. 

Proh. 1. Homing gvnen ihs Tight section of a waU, to 
consbruct ike pr^ecttons qf_ its hounding lines, and the edges 
of the horizontal ami ■vertical joints. 

Let A'B'D'C, {PI. A, Fig. 1,) he the right section ; the 
base A'B' and the top C'i*' being horizontal; the face ^'C 
having a batir j^= f ; and the back B'D' vertical. 

Draw a lino AA^ , to represent the foot of the face in plan. 
Parallel to AA, draw OG, , and at a distance from it equal to 

■ See Mahau's Cieil Engiiteerinff, Art 361. 
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A'E\ the distance of the point A' from the foot of the per 
pendii.-ular drawn from (7 in the plane of right section ; V O 
■will be the top line of the face in plan. Parallel to CC\ , and 
at a distance CD , the breadth of the wall at top, draw 
SB , which will be the projection of the bach. 

At any convenient distance from SB draw A" A'" par- 
allel to it, to represent the foot of the wall in elevation ; the 
top CD" will be drawn parallel to A" A'", and at the 
hei^t B'D' of the top above the base. 

To draw the projections of the horizontal edges, sxippose 
the wall divided into four equal courses by horizontal jomts. 
As the hatir of the wall is f , the base of the slope oi each 
of these equal courses wiU be one-sixth of its height ; if 
lines therefore are drawn parallel to the foot AA_ , and at a 
distance from each other equal to I the height of each course, 
these lines will be the projections in plan of the horizontal 
edges, as shown on the right of the plan. As the projections 
of the vertical edges are contained in planes of riglit section, 
they wiU be drawn perpendicular to the horizontal ones, 
and breaking joints with them ; as represented on the same 
portion of the plan. 

Tile horizontal edges in elevation wiU he drawn parallel 
to A" A'", and at a distance from each other eqcal to the 
height of a course. The vertical edges will be drawn per- 
pendicular to these last,' and corresponding to their projec- 
tions in plan, 

Semarh. If the projections of any horizontal line of 
the face, at a given height above the foot of the wall, are 
required, as mn and mrn', for example, it is evident that 
m n' will be drawn in elevation at the given height above 
the foot A" A'", and that nm will be pardlel to AA, in plan, 
and at a distance from it equal to j the height of 7n"n . 

Prdb. % Having gioen the iaidr qf the faces cf i/wo 
waUs that intersect, the foot of each heing in the same hori- 
emital plrnie, to droM ihs projections of the line of intersec- 
tion of the fimes. 

Let Aa, {Fig. 1,) be the foot of one wall in plan, and the 
batir of its face f ; ah the foot of the other, and the batir of 
its face \. 

It is evident that the point a will be one point of the 
intersection in plan. If now a horizontal line be drawn in 
each face at the same altitude, they will intersect and give a 
second point of the intersection of the faces. Assuming any 
altitude for the horizontal line on one face, its projection 
»!«, in plan, will be parallel to Aa, and at \ of the assumed 
altitude from it. In like manner, the projection no of the 
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corresponding line on tlie other face having the batir f -will 
be pavaliel to ah, and at J tlie assumed altitude from it. 
Drawing, therefore, a line through the points a and n, thia 
will be the intersection in plan. 

To ohtain the intellection in elevation, draw the foot of 
the wall A"a' in elevation, also the line «»"«,' at the assumed 
altitude. The point a will be projected in a', and the point 
n in n'; and the line a'n', drawn through them, will be thp 
intersection in elevation. 

Prdb. 3. To ctmsf/mct the j>r<^ectiona of the hov/nding 
lines and edges of the jomia of a huttress agamst tfte melin- 
ed face of a gi/oen wcul y tJie oase of the huWress hemg given, 
and heing m, the same horisontai plane as tJis hose of the 
wcdZ; the faces of the iutiress, its end, and the top to ha/oe 
given slopes. 

Along the foot AA, set off the treadth of the buttress 
ad at its baee, and conatruct the two eidea ah, cd; and the 
end ic of the base. Let the batir of the face of the wall 
be \ ; that of the two faces and the end of the buttress f ; 
and that of its top ^. 

By Prob. 2 construct the projections, in plan and eleva^ 
tion, of the intersections ae, a'e', and dh, d'h', of the faces 
of the buttress and wall ; and tbc«e hf of, and eg, c'g', of 
the end and faces. 

To construct the project-ions of the top surface of the 



Suppose that the top line of the buttress eh, e'h', where 
it joins the wall, is ot the same altitude as the top of the 
wall; and that the top surface from this line outwards from 
the wall has the given slope j. Now, if a line as y's' 
be drawn parallel to e'h' the top line, and at any assumed 
distance below it, this line may be regarded as the projection 
of a horizontal line in the top surface of the buttress; and 
its corresponding projection in plan will be a line yz parallel 
to eh, and at six times the distance from it that y's' is below 
e'h'. Having drawn these two lines of indelinite length, 
construct the projections of the horizontal in the fa«e of the 
buttress which is at tlie same distance below the ton. The 

Srojection in elevation will be a continuation of the same 
ne y'z', and in plan its projection will be parallel to the 
foot ah, and at a distance from it equal to \ its altitude 
ftbove it. Drawing an indefinite line a^ parallel to ah at 
this distance from it, the point y, where it intersects the line 
yz, wiU be a point of the projection in plan of the intersec- 
tion of the top surface and face of the buttress. The point 
e is another point ; joining e and y by a line and prolonging 
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it until it intersects the projection of the intersection of the 
face and end at f, this line e/'will he the projection of one 
side of the top surface in plan. The other side hzg will be 
found by a like construction. The points / and g being 
joined will be the projection of the end of the top surface. 

To obtain the corresponding lines in elevation; the points 
y and 2 are projected into y' and z' ; the points e', y', and A', 
z', are joined by lines which are prolonged to meet the lines 
which are the projections of the exterior edges of the but- 
tress at /' and g', which correspond to /and g in plan, and 
the points /' and g' are joined ; e'f'g'h! is tlie elevation of 
the top surface. 

The projections of the edges of the vertical joints in plan 
will be perpendicular respectively to the lines he and c(?, and 
breaking joints as shown on tlie right portion of the plan. 
The projections of these lines in elevation wiil be found by 
projecting their extremities into the corresponding projec- 
tions of the horizontal edges in elevation, as shown on the 
elevation of the face and a portion of the end, on the right. 

Prob. 8, Case 2 (PI. E, Figs. 1, 2, 3). Having given the 
cross section of a brook, or oth&r small natural water way^ 
over which a full centre arched stone culvert is to he thrown, 
to support an emlankment of a roadway, of a given height 
above the natural surface of the ground, to construct the 
hounding lin^ of a wing wall with plane bounding sur- 

Figa. 1, 2 are the elevation and plan, or the vertical and 
horizontal prrgections of the parts ; P Q being the ground 
line. Fig. 3 is a section and elevation, through the axis of 
the arch, on the vertical plane of which R S is the ground 
line. M, M' are the slopes of the embankment. N, N' the 
bottom of the brook. 

Let C B Z', Fig. 1, be the cross section of the side bank 
of the water way, and of the adjacent level ground ; the 
centre of the semicircle of the full centre arch, taken on the 
level C B of the natural surface ; L I the level of the top of 
the embankment ; L' E', Fig. 2, the foot of the embankment. 

The wing wall and arch {Figs. 1, 2), are supported upon 
a general substructure, the height of which is A A' ; the 
plan of that portion of which, supporting the wing wall, is 
shown by A' B' 0', The faces of this substructure being 
verticid, and projecting a distance, represented by Z A, be- 
yond the springing line of the arch, the foot of the wing wal!, 
and the foot of the embankment; the point B' being taken 
on the crest B' K of the .side bank. 

Through the line Z D, Z' D', the foot of the wing wall, 
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the plane of its face is passed ; the top point of which X, X' 
is found by drawing a line m n parallel to Z' D', and at a 
distance from it equal to the base of the batir corresponding 
to the height of the emhatikment L I above D Z, and taking 
its intersection X, X' with the top line of the head of the 
arch. Joining X Z, it will be the elevation of the intersec- 
tion of the face of the wing wall with the end of the aich. 

The top surface of the wing wall X" D" {J^ig. S), receives 
the same slope as the side slope of the embankment M, M', 
and is here taken to coincide with it. The wing wall is ter- 
minated at the end by a vertical plane D" F" parallel to the 
head wall of the arch. The thickness I X, I' X' of the wing 
wall at top is assumed. 

Joining the points X' D' and X D, the interior edjie of 
the top line of the wing wall is found. Drawing I H and 
I' H' respectively parallel to these, the exterior lines are 
found. 

Tbe lower end of the wing wall is terminated by what ia 
termed a newel done, which serves, in this case, as a buttress. 
The height of this stone D" F" is arbitrary, aa is also its 
slope F" G" on top. Assuming these, the intersection of 
the vertical plane, terminating the wing wall with its face, 
will be the lines F' D', F D, parallel respectively to X' Z' 
and X Z. The lines F' G', F G, and H' E^ H E, which also 
are paraUel, will be found by Proh. 3. 

The vertical joints of tbe face of the wing wall are per- 
pendicular to its face. Drawing the line X' Y' perpendicular 
to D' Z', and its corresponding projections X Y, X" Y" on 
Figs. 1, S, the directions of the edges of the vertical joints, 
as x' y', X y, x" y", will be parallel, on their respective Figs., 
to these lines. 

The top of the wing wall, instead of a coping, is formed 
with elbow joints uniting with the horizontal joints. The 
portion of the joint forming the elbow is perpendicular to 
tbe top surface. Drawing then a line Z" W" {Fig. 3), per- 
pendicular to D" X", and its corresponding projections Z W, 
Z' W on Figs. 1, 2, these will be the directions z w, z' w', 
z" w", of the elbows. The depth of the elbow is arbitrarily 
assumed, by drawing a line p" q" on Fig. 3 parallel to 
D" X". 
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CYLINDRICAL 



AND OTHER 



ARCHES. 



To facilitate the geometrical operations for determining 
the bounding surfaces and lines of the voussoirs of arches, a 
few preliminary problems and theorems, on which these 
operations are based, will first be explained. 

Prob. 4, (PI. A, Fig. 3.) Saving given a semi cylinder. 
the rigid seot'ion of wlmh %s a aemictrde, and its wms and 
two hounding dements ietTig horisontal, to construct the pro- 
jections of the intersection of the cyUnder "by a plan^ inclined 
to its aids and hamng a giver, imelination to the horisontal 
j)lane oojitaining the oms; also, the projection of the inter- 
seetion of this semi cyUnder with another send cylinder ■with 
a semicircle also for its rigM section, the axis and hounding 
elements of this last being in the same horizontal plane as 
those of the first; and then to decdop the portion of the 
first semi cyUnaer wMck lies lelween, the gwenplane and 
the other cyhnd&r. 

Let alc'V be the right section of the given cylinder and 
o' its centre ; the line a'V being horizontal. Let a' A and 
V B be the horizontal projections of its bounding elements, 
and o' that of its axis. Let ah be the trace of the given 
inclined plane on the horizontal plane of the bounding ele- 
ments ; AB one of the hounding elements of the other cylin- 
der, and LM its axis. The quadrant AL' the half ot the 
right section of this cylinder ; L the centre of this quadrant, 

1st. Taliing any two elements of the given cylinder, at 
the same hei^t, as ;»'«, and y'y^, above a'J', they will ho 
projected in plan parallel to the axis o'C, and will be drawn 
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indefinitely through the points x, and y,. ■ The given ineli aed 
plane will cut these elements at the same height x'to^, and if 
the projection <iiy of a horizontal line in this plane, at the 
height x'x„ be drawn, the points le and y, where it cuts the 
two elements of the cylinder, will be two points of the re- 
quired projection in plan. To constrnct this line s^^ let the 
given inclination of the plane be \ ; the projection of this 
orizontal line, which is at the height tB'iC, above the foot ah 
of the plane, will be {Proi. 2) parallel to ah, and at a distance 
from it equal to J of x'x^ ; drawing therefore im/ parallel to 
ab, and at this distance, it will be the required projection in 
plan. The points x and y thus found will be two points of 
the projection in plan required. In the same way any num- 
ber of points can be found, and the curve axeyh, traced 
through them, will be the required projection in plan. 

The construction just ex^ained, although veir simple, 
may be abridged as follows : Through of draw oY' perpen- 
dicular to a'h ; prolong y'x' to the left, and set oif from tnf", 
where it cuts aj', tlie distance m"'x"' equal to tux, as before 
found. Through aV" draw the indefinite line ae'. Now, 
to construct the projection of any other point in plan, as c 
on the element at the height c' ; through c' draw a line par- 
allel to a'i', talie the part o"'c"' intercepted between alf and 
a'e' and set it off from o, where the projection of the ele- 
ment through c' cuts ah, to c along the projection of the ele- 
ment; c will be the required point, Tiiis is evident from 
the relations which the heights and horizontal distances con- 
sidered bear to each other. 

2d, To find the projection in plan of the intersection of 
the cylinders. Draw AD perpendicular to AL. If a dis- 
tance Ar" equal tc'a), is set off on this line, and a parallel to 
AL be drawn through r", the point u" where it cuts the 
quadrant will give the point on it tlirough which the element 
of the second cylinder, at the height x% of the two elements 
at x' and y', is drawn. Through u" drawing an indefinite line 
parallel to A£, the bounding element of the second cylin- 
dei', it will be the projection m plan of the element at the 
height Ar"=x'x^ ; and the points w and v, where it cuts the 
two projections of the elements of the first cylinder at the 
same height, will be two points of the required projection. 
In the same way other points would be. found, by eonstruet- 
itig the projections in plan of corresponding elements on 
the two cylinders. 

This operation, like tlie former, may be also abridged aa 
follows : Through J' draw a perpendicular i'd' to a'b'. "With 
a radius equal to AZ describe a quadrant tangent to I'd' at 
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i'. Now, if x'y' be prolonged to the right, it is evident Ihfti 
the distance r" u"\ intercepted bet'ween Va and the quad- 
rant, is equal to t-''^", or to rw. In like manner, the point 
C in plan is obtained by setting off from t, on the element 
AB and along o O, the ditance t G=i! C. The curve Aw OoB, 
drawn through the points thus determined, will be the pro- 
jection in plan of the intersection of the two cylinders. 

3d. To make the development of the portion of the cyl- 
inder which lies between the two intersections thus deter- 
mined, it will be necessary to obtain the distances of the 
points of these two intersections from a curve of right sec- 
tion ; since the tangent to this curve at any point being per- 
pendicular to the element of the cylinder at the same point, 
the curve when developed will also be perpendicular to the 
elements when developed, and will therefore develop into a 
right line. 

To determine the relative positions of these cnr\-es in 
development ; first develop the curve of right section a'c'h\ 
on the line a'5' prolonged to the right, by setting off the dis- 
tances h'y", h'c", &c., to a", equal respectively to the lengths 
of the ares I'y', b'c', &e., to a'. Tlirough the points y", e", 
&G., draw lines perpendicular to h'a" ; these will be tide de- 
veloped elements of the cylinder through y', d, &c. Set 
off along these lines the distances ^"v^ , c" V^ , &c., respectively 
equal to the distances y^v, o'C, &e., and through the points 
Ji, v,, 0„ w„ Aj, draw a curve. This is the developed inter- 
section of the two cylinders. Make the same constructions, 
on the same developed elements, with respect to the distances 
of the points y, c, x, a, from a'i' ; the curve ic,a„ drawn 
through these points, will be the developed intersection of 
the oWique inclined plane and the cylinder. 

In like manner, if the given cylinder were cut by a plane 
perpendicular to the horizontal plane and oblique to its axis, 
of which db, for example, is the trace, the developed curve 
of its intersection would be obtained by setting ofT along the 
developed elements the distances of the points a, m, o, &c., 
from a b', and through the points thus determined drawing 
a curve ho,a^. 

liemm-h. The curve of right section in development 
serves only as a fixed line from which the relative positions 
of other points, with respect to it and to each other, can be 
determined; since it develops into a right line, and the 
elements in development are perpendicular to it. The posi- 
tion of tills curve may be therefore fixed arbitrarily, as may 
be found most convenient for the purposes of the drawing. 
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Prob. 5, {PI. A, Fig. 4). Let the semicircle A'C'B' be 
the curve of interBection of a given semi cylinder by a ■ver- 
tical plane, the diameter J.'5'Demg horizontal, and suppose 
the bounding elements through A and _S' to be limited at 
a horizontal plane at the distance AA' below A'B', and to 
pierce this plane at the points F and D, on a line parallel 
to AB and at a given distance from it ; these elements being 
obliijue both to tne vertical plane and to the horizontal plane, 
and therefore not projected on either into their true lengths. 
. Let LM be the axis, and ED a bounding element of 
another semi cylinder, the right section of which is a semi- 
circle ; I.M aud JSD being also in tlie given horizontal 
plane. 

It is proposed, with these data, to find the lengths of th^ 
elements of tlie oblique cyUndffr ijUeroepted letween the ver- 
tices pla/ne of A'B'O' and the horizonAal cylimder; the ettrve 
of right section of the obUque semi cyJmder ai, any assumed 
point; and the development of the portion of it which lies 
oet/ioecn the given verPieal plcme and the horizontal semi cyl- 
inder. 

1st. The simplest method of finding the true lengths of 
the elements between the vertical plane and horizontal cyl- 
inder will he to construct their projections on another vertical 
plane parallel to them. Let BIf be the traoe of such a plane 
on the horizontal plane containing the axis LM of the liori- 
zontal semi cylinder, and Be' its trace on the given vertical 
plane. This assumed plane cuts from the horizontal semi 
cylinder an ellipse of which 2)iV" is evidently the semi trans- 
verse axis, and the radius of the semi cylinder, which is 
equal to the distance between the axis and the bounding 
element ED, is the semi conjugate; setting off this distance 
from R to N\ on a perpendicular to DN, and describing 
the quadrant of an ellipse DN', on these lines as semi axes, 
it will be the half of the curve cut from the semi cylinder, 
and will be its position when the plane in which it lies is 
revolved around its trace 5iV to coincide with the given 
horizontal plane. In this revolved position of the plane, the 
line Bo', in which it cuts the given vertical plane, will be 
found in BO" perpendicular to Bl^. As this plane contains 
the bounding element of the oblique semi cylinder projected 
in BD, this element will be found in DB" when revolved, 
the height BB" being- equit to BB', the height above AB 
in which the element pierces the given vertical plane. 

Now, if any other vertical plane be passed parallel to 
the one assumed, as that of which GC\ , and CC", parallel 
respectively to BI^ and Be' are the traces, it will cut from 
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tlie horizontal semi jylinder an ellipse, equal to the one 
already described; and from the given vertical plane the 
line GC ; and, as it contains also the element projected in 
(7(7„ by revolving this plane also, like the last, tracing the 
quadrant of the ellipse ctit out, the line 00\ and the element 
in their revolved positions ; the portion of this element be- 
tween the vertical plane and the horizontal cylinder may 
thus be determined! In like manner, the corresponding 
lengths of any other elements, as those which are projected 
in mrtb^ , and rni , might be found. But as these successive 
operations would be long, a more simple and expeditions 
method is resorted to, as tbllows : As the elements of the 
horizontal semi cylinder are parallel to the given vertical 
^lane, if all the points on this plane and eyhnder are pro- 
jected on the a^uraed vertical plane of which BIV and £o' 
are the traj?es, hy a system of Imes oblique to this plane and 
parallel to the elements of the horizontal cylinder, it is evi- 
dent that all the ellipses cut from the horizontal cylinder 
will be projected into the one cut from it by the assumed 
vertical plane; that all the lines, as CO', mm, nn', &c., cut 
from the given vertical plaae, will be projected in Be' ; and, 
in the revolved position of the assumed vertical plane, will 
be found in BG"; whilst the portions of elements of the 
oblique semi cylinder, which lie between the horizontal semi 
cylinder and the given vertical plane, will be projected on 
the assumed vertical plane in their true lengths, and, in its 
revolved position, will be found parallel to S"_Z>, and drawn 
through points n ", C", &c., at the same height above Bj on 
the line BO", as the corresponding points m,', G', n\ are 
above AB, Drawing these parallels, the portions n"'m , 
G"0"', &c., between the line BG" and the curve DN'', will 
be the lengths required. 

As there are two elements on the oblique semi cylinder) 
one on each side of the highest one, projected in OG^ , as 
those projected in mm, , and nn^ , which are of the same alti- 
tude, tlie lines B"D, n"'m", &c., will be respectively the 
revolved positions of the projections of the corresponding 
pairs of these elements. 

Bertuwk. By using the system of oblique projecting 
lines, instead of the usual mode of perpendicular ones, 
the relative positions of the lines projected are not changed, 
since these lines, being all parallel to the assumed vertical 
plane, vrill be projected on it in their true lengths, whether 
the projecting lines he oblique, or perpendicular to thia 
plane. By the system of perpendicular projections, a sepa- 
rate construction, like the first, would liave been requisite to 
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determine each element ; whereas by the ohlique one nsed 
the construction of one ellipse -Z)^^, and of the Ene BC" are 
alone sufficient. 

'2d. The curve of right section must lie in some plane 
perpendicnlar to the elements of the otrique cylinder. To 
lix such a plane, draw a line XY perpendicular to the pro 
iections of the elements on the honzontal plane ; and from 
£, where it cuts BD, another line ZZperpendiculartothe 
projections of the elements on the assumed vertical plane. 
Theae two lines may he taken as the traces of a plane on 
these two planes: and, as these traces are perpendicular to 
the projections of the elements on the two planes, the plane 
itself will be perpendicular to the elements, and will cut 
from the cylinder a right section. 

To construct this curve of right section, it will be neces- 
sary to find, in the first place, on the assumed vertical plane, 
the projections of the points in which the elements of the 
oblique semi cylinder pi^ce the plane of right section. To 
do this, it is evident that the vertical planes which contain 
these elements, as the one, for example, of which (7(7, and 
CO' are the traces, cut the plane ot right section in lines 

Earallel to YZ, its trace on the assumed vertical plane. To 
nd the projeetion on this plane of the line cut out by the 
vertical pane of which C(7, and 00' ai-e the traces, it is 
plain that the point z, where the horizontal traces XY and 
<7(7| intei-sect, will be one point of the required line. This 
point, being in the assumed, horizontal plane, will be pro- 
jected into the line BN, the ground line of the assumed 
vertical plane, at s', by drawing a line through z parallel to 
AB^ according to the method of obliqueprojections adopted. 
If from s' a line be drawn parallel to YZ, this line s's' will 
be the required projection of the line cut from the plane of 
right section by the vertical plane which contains the ele- 
ment projected in CO'. The point s", where this line cuts 
0"0"', the jirojeetion of this element on the assumed verti- 
cal plane, -nill he the projection on this plane of one point 
of the curve of right section. In like manner, projecting 
the points X, x, y, &e., into the ground line BN at X', x, 
y', &c., and, from these last points, drawing parallels to YZ, 
the points X', x", y", Ac, in which they cut the correspond- 
ing elements in projection, will give other points ; and the 
curve X'x"3"y"Y' will be the projection of the curve of 
right section required. 

Berrborh. Since the elements are projected on the as- 
sumed vertical plane into their true lengths, it is evident 
that taking any point of this projection of the curve of 
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right section, as «" for example, the distance i£"tn" will be 
tiie true distance of tlie point of which x" is the projection 
from the horizontal semi cylinder, aa measured on tiie ele- 
ment projected in -nfm" ; and x"n"' will be its true distance 
from the vertical plane containing the semicircle A'C'B'. 
In like manner, the true distances of other points of the 
curve of right section from this plane and from the horizon- 
tal semi eyunder measured along the elements may he fonnd 
from the projection of this curve. 

Having found the projection of the curve of right sec- 
tion, the curve itself can be found by revolving the plane 
of right section upon the horizontal plane around its trace 
Xx. The distance S3, of the point projected in s" from 
Xl^is evidently equal to s's", since this line is the pro- 
jection, in its true length, of the one in the plane of right 
section drawn through the point z in the vertical plane 
containing the element projected in 6'C". In like manner, 
the distances XX„ iex„ yy„ being ,set off from XY^ along 
the perpendiculars to it tirough these points, and equal 
respectively to the distances XX", x'x", &c., the curve 
X,x^^, Yi will be the required one. The line X, Y^ wliich 
corresponds to X" Y in projection wiU be the diameter of 
this curve. 

3d. Having the curve of right section in ite tnie length, 
as well as the elements of the oblique cylinder, and the 
points where they cut this curve, it will be easy to make 
the required developments which, for convenience, will be 
done on the assumea vertical plane in its revolved position. 
To do this set off on the hne YZ, from the point Y, the 
distances Y'3„ Y'x„ YX, respectively equal to the arcs 
Y,y^„ Y,ir„ &c., of die curve of right section. The right 
line YX, will be lie development of this curve. Through 
the points s„ »„ &c., thus set off, draw perpendiculars to 
Y'X„ these will be the indefinite lengths of the developed 
elements drawn through the points z„ x„ t&c. Prom these 
last points set off s,0^, 3,C, respectively equal to s"C" and 
s"G J in like manner, set off the distances x,n^ and x^m, 
respectively equal to x"n"' and x"7n"', &c. The curves 
S"C^^A, , and DC^m^E, , will be the developments respec- 
tively of the semicircle A'G'B', in which the oblique semi 
cvlinder cuts the given vertical plane through A£, and of 
the cun'c in which it intersects the horizontal semi cylinder. 
The developed portion of the oblique semi cylinder which 
lies between these curves and the developed positions £"J) 
and A^£^ of its bounding elements will be the one required. 
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4tb. To obtain the horizontal projection of the curve in 
which the semi cylinders intersect. Project the points C", 
m", &c., into DJv, by perpendiculars ; from the foot, as 0„ 
of each perpendicular draw an oblique projecting line 
parallel to AB; the points, as 0„ n„ m„ &c., in which these 
intersect the projections of the corresponding elements, will 
be pojnts in the required projection ; and the cui-ve DnJJpi^E 



requii 



Theorem 1, (PI. A, Fh, 3.) If the Unes AB and DE, 
which bisect each oth&r amd are horizontal, are the transverse 
axes of t/wo semi ellipses, the plam^ of the two cwroes being 
vertical, and having the same semi conjugate <Km,s,pr(gected in 
the poimt C, then will the lines whic/i join ihs points of the 
cv/rves at the sarne height above the horizontal plane of the 
transverse axes be pa/raMel to each other. 

Let A!0'B' be the projection of the semi ellipse, having 
AB for its transverse axis, on a plane parallel to itself; and 
let the other curve he revolved about the common semi 
eoniugate into the plane of the first and be projected into 
D'O'M'. Drawing any line, as mV, parallel to A1B',\\ 
will cut the two curves at the points in', n', and o',p', at 
the same height above the horizontal plane ; the first two 
being projected horizontally in m and n; the second in t», 
and^, in the revolved position of the second curve, and in 
and p in its original position. Joining the points o and 
TO, also p and «, then will these lines be parallel to each 
other, and to the lines AD and EB which join the lowest 
points of the two curves. For, from the properties of two 
ellipses having a common conjugate axis, me corresponding 
ordinates of the curves to this axis will be proportional to 
their semi transverse axes; that is, 

en' -.cp' :: C"B' : C"E'; 
or. On: Op :: CB : OE; 
by substituting the equal lines in horizontal projection. But 
when this last proportion obtains, the lines pn and EB are 
parallel. In like manner, mo may be shown to be parallel 
to AD, and consequently to EB. The same holds true for 
the lines inp and on, with respect to AE and DB. 

It follows irom this that two semi ellipses, having the 
above conditions, will be the curves of intersection of two 
Bemi cylinders, the axes of which he in the horizontal plane 
of the transverse axes of the curves, and are parallel respec- 
tively to the lines joining the extremities of these axes. 
The converse of this proposition is also evidently true, viz. : 
if the axes of two elliptical or circular semi cylinders lie in' 
the same horizontal plane and intersect, and the highest ele- 
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ment of each is at tlie same height above this plane, then 
will their curves of intersection be plane curves, aud be pro- 
jected on the horizontal plane in the two right lines which 
join the opposite points of intersection of the lowest ele- 
ments. 

Them'. 2, {PI. A, Fig. 5.) Let A'C'B' le the vertical 
projection of a semi elUpse situated in a vertical plane, (f 
whi^k XD.paraUd to A'B', is the horizontal trace; and lei 
thepoi/nt 0, on the perpendicular OC to AB which hisectsit, 
he the horizontal projeciion of a vertical line through O, a/n,d 
let the semi ellipse and this txrtdcal he taken as the directrices 
of a surface, generated iy Tnoving a Une parallel to the hor- 
tzmdalplane^ and in each of its successive positions touching 
^ vertical at O and the semi elUpse; then wiU any section 
of this miifctce hy a plane, as ad, pa/raUd to the pla/ne of 
the ellipse, he also an ellipse of which the Une ab intercepted 
between OA and OB, wul he one aids, and the line O'C egu^ 
to the other semi aseis. And a tangent Une dra/wn to this 
elUpse at miy point, as the one prelected i/n, n, n', icillpierce 
the horisontm plane in a line OD, drawn from, the pmnt O 
to thepoirtt T>, where a tangeni to the di/recUng ellipse at the 
point projected in TO, 'Oi.', atthesameheigldasti', also pierces 
the horizontal plane, 

1st. Through the point projected in ra, n', draw the pro- 
jections Om and o'm of an element of the surface, and 
project the line ah into a'¥. As the lines £C and ho are 
parallel, there obtains 

£0 : ho :: mC : «o; 

but BC=B'0';lo=h'0', and mC=m'o'; no=n'o'; 
therefore, B'O' \ h'O' " m'o' : n'o', 
which shows, from the properties of ellipses having a com- 
mon axis, that the curve h n'C is an ellipse. 

2d. Let tangents be drawn to the two ellipses at the cor- 
responding points m' and n', at the same height above A'B'. 
These tangents will intersect the common axis at the same 
point E', and the other axis at points X>' and d' such, that 

O'D' : O'd'-.-.m'o' : n'o'. 
Projecting the points D' and d' into the respective planea 
of the two ellipses at D and d, and observing that & D'=^ 
OB; 0'd'=od; m'o'=mC; andMV=noy there obtains 

CD : Cm : : cd: en; 
that is, the line joining the points D and d passes through 
the point 0. 

Beiruxrh. This snrface is a right amoid of which the 
horizontal plane is theplane director. 
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Prob. 6. To coTistruct a tang&nt plane and a ti 
line to the conoid at any point, as n, n'. 

Draw the projections of the element Om, o'm' of the 
Bnrface at the given point. Find where the tangent to the 
directing ellipse at the point 'fii, wi' pierces the liorizontal 
plane. Join this point x* with 0. Through n draw a par- 
allel to CD, and where it cuta OD, at d, draw a line JTl* 
parallel to Om. This is the horizontal trace of the tangent 
plane at n, n'. For the tangent line at the given point to 
the ellipse projected in ab pierces the horizontal plane at d, 
this is tneretbre one point of the horizontal trace required, 
and as the element of the snrface is contained in the tangent 
plane and is horizontal the trace -Xl^will be parallel to Om. 

The line 011, drawn through « perpendicular to Xy, is 
the indefinite projection of the normal to the surface at 

Prdb. 7, {PI. A, Fig. 6.) To dram a tangent plcme and 
a normal li/ne to a helieoidal surfoioe at a given point on the 
gurface. 

Supple XYZ, the involute of any given curve xy3, to 
be the base of a vertical cylinder ; and let the line Zy', tan- 
gent to this curve at Z, be the horizontal trace of a plana 
tangent to the cylinder along the element projected in Z; 
and in this tangent plane, revolved on the hoiizontal plane, 
let any inclined line Zy" be drawn tlirough the point Z. If 
the tangent plane be now returned to its vertical position, 
and be wrapped around the vertical cylinder, the inclined 
line Z'y" will form a helix on the cylinder, and the points 
y", m", <&c., in their position on the cylinder, will be pro- 
jected into its base, at the points T", m, &c. ; such that the 
arcs ZY, Zm, will be ecpial to the distances 2^', Zm', &c., 
from Z to the projection of these points in the tangent 
plane into' its horizontal trace. K a right line be moved 
along this helix so that in all its positions it shall be parallel 
to the horizontal plane, and be projected on this plane in 
lines, as Zs,, Yy, normal to the curve XYZ, this line will 
generate a helieoidal surface, the elements of which will be 
normal to tlie cylinder of which XYZ is the base, and tan- 
gent to the one of which xys^ is the base. 

Let the point projected in Y, and wHich is at the height 
y'y" above the horizontal plane, be the one at which it is 
required to construct a tangent plane, and a normal Une to 
the surface. As the helix makes a constant angle, ecLnal to 
the one Zy"y", with the elements of the cylinder, at the 
points where they intellect ; and as a tangent to the helix 
at any point makes the same angle as the helix does at this 
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point witli tlie element of the cylinder ; it ia evident that 
the tangent to tlie helix, at the point projected in Y, will 
pierce the horizontal plane, at a point s, on the tangent 
drawn to the curve at I', at the same distance from this 
point aa the distance Zy'=ZY. This point s will therefore 
be one point of the horizontal trace of the required tangent 
plane. But, as the tangent plane contains the horizontal 
element of the surface at the given point, its trace on the 
horizontalplane wiU he parallS to this element. Drawing 
a line AS through z parallel to Yy, this will he the trace 
of the required plane. The normal wiU evidently he pro- 
jected in iz, as this line is perpendicular to AS the requir- 
ed trace. 

To find the true length of this normal let CD, parallel 
to Ys, be the trace of a vertical plane. The element througli 
the given point will pierce tliis plane at a height YY above 
CD equal to y'l/'. The normal Bne will be projected on 
this plane in its true length, and will pass through the point 
Y. But, as the vertical plane through CD is ^so perpen- 
dicular to the tangent plane at the given point, the line 
Ys' will be the projection as well as the trace of tffe tangent 
plane on this vertical plane. The line YS drawn perpen- 
dicular to Yz' will therefore be the indefinite projection of 
the required normal, 

Semarh. The traces of all tangent planes to the surface, 
at points on the element considered, will evidently be par- 
allel to Yy, the projection of this element ; and the trace 
of any one may be readily found by means of the point s. 
For, through y, where the projection of the element is tan- 
gent to the curve icys, through the point z draw an indefinite 
line yy,; then if at any point on the projection of the ele- 
ment ly B. line be drawn parallel to Is, the projection of 
the tangent at Y, the point where this parallel cuts vy, will 
be a point in the horizontal trace of the tangent plane at 
the assumed point. This may be readily proved as follows : 
Let the tangent projected in Ys, and the element of the 
cylinder projected in y be taken as the directrices of a warp- 
ed surface of which the horizontal plane is tlie plane director. 
This warped surface will be tangent to the helicoidal surface 
throughout the entire element projected in Yy; for they 
have the same plane director; a common tangent plane at 
the point projected in Y; and also one, whidi is vertical, 
at the point projected in y. Now, as the warped surface in 
question is a hyperbolic paraboloid, any vertical plane par- 
allel to Ys will intersect it in a right line which will cut the 
element projected in Yy, and pierce the horizontal plane in 



Hosted by 



Google 



the line yy^ wlierd the trace of tbe assumed vertical plane 
cats it. This point will therefore be a point in the trace oi 
a tangent plane to both surfaces at the point where the line 
cut from the hyperbolic paraboloid intersects the element 
common to tbe two surfaces, and along which they are 
tangent. 

Frd>. T, PI. 1- To construct the projections and true 
dimensions of the hovmding Unes and surfaces of the vous 
eoi/ra of a horizontal f till centre arch. 

This problem comprises several cases, accordme to the 
character and the positions of the surfaces which form the 
ends or beads of the arch. 

Case Ist. The arch hdng terminated at one end lyy a ver- 
tical plane obUque to its axis and at the other hy a vertical 
plane perpendicular to the aseis. 

Let the semicircle {Fig. 1) of which B'O' is the di- 
ameter, be the right section of the sofHt of the arch, and 
having divided it into any odd number of equal parts, as 
five for example, draw throngh the points ot division jE", 
F', &c., radii which prolong to the semicircle described on 
A-'D as a diameter. Th^e radii will be directions of the 
joints in the right section, A'B' being their common thick- 
ness. Tlirough the points A', /', G', &c,, drawing vertical 
and horizontal lines, they wiU be the exterior bounding lines 
of the voussoirs in right section ; the line K'K" which 
bounds the top of the keystone being assumed at pleasure. 

]jet AD {Fig. 2) be the trace on the horizontal plane 
containing the axis and lowest elements of the arch of the 
vertical plane oblique to tbe axis which forms the front end 
of the arch, and ad the trace of the one perpendicular to 
the axis tliat bounds the back end. 

As tlie edges of any vouasoir, as the one of which Q'M' 
N'O'P' {Fig. 1) is the right section, are all parallel and 
horizontal, they will be projected into their true lengths in 
plan between the two traces of the end planes. The one 
corresponding to M' will be projected in plan {Fig. 3) in 
M^m, ; that corresponding to iV' in Hfpi, , &c. 

As all the joints, except the two lowest, are oblique to 
the horizontal plane, their horizontal edges alone are pro- 
jected into their true dimensions in plan. The two lowest, 
corresponding to A'B' and CD, are projected into AabB, 
and VcdD respectively. To find the true dimensions of the 
others, and the development of the soffit, develop in the first 
place the right section of tlie soffit, by setting off the dis- 
tances B'E', E'F", &o., {Fig. 5) respectively equal to 
the arcs B'E', Sea. {Fig. 1) ; and then, by Fig. 2, PI. A, 
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find the pouits JB, E , M,, &c,, of the developed curve 
in which the soffit is intersected by the oblique plane of 
the front end; also the right line a, e^, ^n^, &ii., which is 
the development of the right section in which it ie cut hy 
the plane of the back. Tlie surface hounded by the devel- 
oped curves and the two lowest elements of the semi cyHn- 
der is the developed soffit. 

To find any oblique joint in its true dimensions, as the 
one projected m plan between the lines M^m and i)^,n, , set 
off irom Jif', {F%g. 5} to the right along M'C a distance 
equal to M'N' {Fig. 1), the breadth of the joint. From 
the point N' {I'ig. S) draw a line perpendicular to B'C", 
and from JSf' set off W'l^, equal to n^M, {Fig. 2). Join the 
points M^N^; the trapezoidal figure M,^,iiim^ is the requir- 
ed joint, in like manner the true dimensions of all the 
other joints are found as eliown on Fig. 5. 

" "', The arcJiiema terminated atone end ly a plane 
s axis and to the horizontal ^^ne of its 1/wo low- 
8 and at the. other hy a vertical plane perpendicu- 
lar to the a^s. 

Let AD {Fig. 2) be the horizontal trace of the oblique 
plane, and let the angle which it makes with the horizontal 
plane be ^, Drawing any line "cw parallel to AD {Frob. 1} 
as the projection in plan of a horizontal line of this plane, 
and from any point as A a, perpendicular Aas to viv, the 
height of the point x above the horizontal plane will be 
three times the distance Ax. Setting off from A' {Fig. 3) 
the length Ax to x', at x' erecting the perpendicular x'x"^^ 
ZA'x' and joining A\ x", the angle x'A'x ' will be the angle 
between the oblique and horizontal planes. Taking now 
the distance Ay {Fig. 2) in which the line vw cuts the line 
Aa^ parallel to tlie axis, and setting it off from A' to y' 
{Fig. 3), erecting a perpendicular y y"-^x'x", and joining 
A'y'\ the angle y'A'y" will be the one between the oblique 
and horizontal planes measured in the vertical plane parallel 
to the axis of which Aa {Fig. 2) is the trace. 

Having drawn the line A'y", and the vertical at A'y 
the projections in plan of the points in which the oblique 
terminating plane cuts the bounding horizontal lines of the 
voussoirs corresponding to the points E, 1, F, &e. {Fig. 1) 
in right section are readily determined by applying the con- 
structions in Pr<^. i. Tne points in plan corresponding to 
F' and /' {Fig. 1), for example, wiU be found by drawing 
lines through F', 1' parallel to A'y\ taking the lengths 
E"E"\ A"A"' and setting them off from J^, and J, {Fi(/. 
2) from the trace AD to Fai^d I, along the projections m 
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plan of &e corresponding edges of tlie vcussoirs. Tlie 
curve BEF, &c,, thus obtained, and tlie pentagonal figures 
EllIGF, &c., are the projections in plan ot the oblique 
sections of the soffit and vouasoirs of the arch, 

Beniwrh, As a verification of the accuracy of the con- 
structions, the lines IE, GF, <&c., prolonged should pass 
through the point L where the axis cuts the trace AD; and 
the lines Aj^, HG, &c., should be parallel to AD, as the 
top surfaces of the voussoirs are horizontal planes. 

Case 3d. The arch being iffrrmnated iy an oblique plane, 
as in either of thepreeeding cases, am,d at ike other extremity 
hy a semi circular cylinder, its axis and ttvo hovmdim^ ele- 
ments being in the samepkme as the corresponding lines of 
the a/roh and perpendicida/r to them. 

Let ad {Fig. 3) be one bounding element of the given 
semi cylinder. Having set off the radius of this cylinder 
from I), {Fig. 4) on the line A'D prolonged, and described 
a portion of the semicircle tangent to the vertical DJF', 
draw through the points M', W, &c., {Fig. 1) parallel lines 
to A'D. By Frob. 4 find the projection m plan of bif, &c, 
of the curve of intersection of the soffit of the arch and the 
semi cylinder ; also the projections of the points *, h, g, &c, 
in which the horizontal edges of the voussoirs intersect the 
semi cylinder; the pentagonal figures efghi, &c., will be the 
projections in plan of the lines in which tlie surfaces of the 
voussoirs intei'sect the semi cylinder. Any point in plan, as 
Uy is found by setting off a length n^n 'fcom ad along the 
projection of the edge corresponding to If, equal to the di&- 
Uncs If'N"' (Fig. i). 

Remaa-h. The lines ei,fg, &c., ai-e portions of ellipses, 
which prolonged pass through the point I, in which the axis 
of the arch cuts the bounding element ad. The lines gh, 
no, &c., are right lines, being the projections of the inter- 
section of the horizontal surfaces of the voussoirs with the 
semi cylinder. The lines hi, op, &c., ai-e tlie projections of 
arcs ot circles in which the side vertical planes of the vous- 
soirs corresponding to M'l', OF', intersect the semi cyl- 
inder. 

The true dimensions of the joints in either of the two 
last cases are found by setting oft from tJie line B'C' (Fig. 
5) the lengths along the perpendiculars, at the points E', F, 
&c., which correspond to flie distances respectively of the 
points E, Jand e, i, {Case U, Fig. 2) from A'D. 

liema/rk. As a verification of and aid to accuracy of 
construction, let a line II {Fig. 5) be drawn parallel to the 
edge M 'm and at a distance from it equal to I'M' {Fig. 1) 



Hosted by 



Google 



43 BTONE CCITING. 

the radius of the right section ; the right lines MN and 
M N^ prolonged should intersect the line LI at the same 
point X, such that the length J2 {Fig. 5) shall be the same 
a£ J2 {Fig. 2). In hke manner the curve nujn prolonged 
ehonld intersect the eame line IX at the point I which cor- 
responds to the one I {Fig. 2), Similar constructions of 
verification will be found on F^g. 5 {Pis. 3 and 4). 

From an examinatioD of Fig. 2 it will he seen, that the 
projection in plan of the voussoir corresponding to J^'7^^' (9', 
&e., {Fig. 1) m right section, will in Case 3d be bounded on 
one end by the figure MJVO, &c., on the other by the one 
nmo, &o. ; and by the parallel lines which join the corres- 
ponding points Mm, Jyn, &c. 

AppUcaUon. Having found the prmcipal dimensions of 
the vouesoirs, let it be required to cut from a single bloct of 
Btone of the form of a rectangnlar parallelopipedon the 
vonssoir corresponding to M'lfO', &c., {Fig. 1) in Case 3d. 
Drawing a line S'J" through Q' perpendienlar to O'F', and 
prolonging ON' to E' on the line arawn through M' pai-- 
allel to O'P', the rectangle H'F will evidently be the di- 
mensions of the end of the block within which the voussou" 
in right section can be inscribed. The dimensions of the 
length of the block will evidently be determined by drawing 
through the point Q {Fig. 3) a line R'Q parallel to ro. 
Having inscribed on the end of a block ot the form and 
dimensions thus found, the figure in right section, the block 
would be prepared by cutting away those portions, aa 
M'S'Q', &c., which are exterior to the figure. This being 
done, thepoints corresponding to M, JV, 0, &c., and m, «., 
o, &c., {Fig. 2) can be set ofi on the corresponding edges, 
and the two ends of the vonssoir, the one terminated hy 
the obhque plane, the other by the semi cylinder, be obtain- 
ed. In cutting away the portions of the block to form tlie 
curved surlaces of the soffit and of the end of the vonssoir, 
a model cut from a thin board, by shaping it on the back to 
the form of the arc M'Q' {Fig. 1), and alike model cut to 
the form of the arc DW" , would be requisite as a guide to 
the workman, to he appHed, from time to time, in a direc- 
tion perpendicular to the elements of the cylinders, until it 
is found that the models coincide acciarately at all points 
with the prepared surfaces. 

Models also of the tnie forms of the joints, determined 
in Fig. 5, may be cut from thin pasteboard, or any like ma- 
terial, and be used to verify the work. These fast would 
evidently not be requisite to guide the workman in setting 
off his points where he works from a block of the above 
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form. But, in cases where a block of irregular shape has 
to be taken, tkey may be found the most convenient for set- 
ting off the points to determine the form of these joints on 
the stone. 

Pr(^. 8, PI. 3. To eonstruct the jprojediona and tfue 
d/vmensions of the voussoiris in th^ gromed a/ad olinstere^ 
arches. 

In each of these cases the sofEte of the arches are formed 
by the intersections of two semi cylinders, the axes of wliieh 
are in the same horizontal plane, and their top elements at 
the same height above this plane. From these conditions, 
the curves of intersection of the soffits (Tkeor. 1) will be 
plane curves, and will he projected in plan in the diagonal 
lines which join the intersections of the lowest elements of 
the semi cylinders. 

In the eases selected to illustrate this problem {PI. 2), 
the curve of right section of one of the semi cylindei's is a 
semicircle {Fig. 1), that of the other {Fig. 3) a semi ellipse, 
each having the same rise L'K ; and their axes are taken 
perpendicnlar to each other. The joints in each arch cor- 
responding to F' (?', &c., are normal to the soffit, or surfaeea 
of their respective cylinders; the upper and lower edges of 
the corresponding joints in each arch being in the same 
horizontal plane, as well as the top surfiiceB, as O'H' {Figs. 
1, 2), of the Toussoirs. 

Remark. Fig. 1 is the right section of the semi circular 
arch ; Fig. 3 that of the semi elliptical arch ; Fig. 3 above 
the line tw is a portion of the plan of the groined arch, the 
soffit of the semi circular arch being prmeeted within the 
angle BKC wx.^ the corresponding soffit of the semi ellipti- 
cal arch, only the half of which is shown in plan, being pro- 
jected within the angles aKB and hK-G. Fig. 5 on the 
right represents two of the joints of a groin stone belonging 
to the semi circular arch with the development of the por- 
tion of the soffit between them ; that on the left the true 
dimensions of the corresponding parts of the same stone 
which forms a part of the other arch. 

Fig. 4 below the line db is a portion of the plan of the 
cloistered arch, the soffit of the semi elliptical portion being 

{irojected within the angles BiKO^j that of the semi circu- 
ar portion being projected within the angles .5,^(7^ and 
B^KO,. Fig. 6 on the right represents the two joints of a 
groin stone which forms a part of the semi circular arch 
with the portion of the soffit between them ; that on the left 
the corresponding parts of the same stone of the otlier arch. 
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Groined Arch. Having constrncted {Fig. 1) the rMit 
Beetion of the semi circular ai"ch as in jPr<H>. 1, assume £ O' 
{Fig. 3) as the transverse axis of the ellipse ot right section 
of the other arch, and placing it at any convenient position, 
on the left, perpendicular to me direction B'G' {Fig. 1), set 
off the semi conjugate L'K' equal to the radios of the semi- 
circle, and describe the semi ellipse. Pind on the semi 
ellipse, as shown by the lines X'hf, &c., on the left of Fig. 
1, the points E', F', &c., at the same height above B'C, as 
the corresponding points of the semicircle, Construct tan- 
gents to the semi ellipse at these points, and at the same 
normals for the directions of the joints. Find on these 
normals the points I\ G', &<;,, at the same heights as the 
like points in Fig. 1. Through the points /', G', {Fig. 2) 
draw the vertical and horizontal lines I'lF and G'lT, for 
the bounding lines of the voussoirs. Having completed, in 
this way, the right section {Fig. 3), draw, in plan {Fig. 3), 
the projection of the axes, and the bottom elements of the 
arches, corresponding to the points B', C" {Figs. 1, 2). 
Drawing the diagonal lines BB and GO^ between the points 
where these elements intersect in plan, they will be {Theor, 
1) the projections of the ellipses in which the two semi cyl- 
inders intersect, and which form the edges of the groins. 

To find the projections in plan of the voussoir ol the groin 
which corresponds to the one M'WO', &c. {Fig. 1), and 
F'Q'H', &e. {Fig. 2), draw Mm {Fig. 3), the prmeetion of 
the lower edge of the joint corresponding to M' (Fig. 1), 
and J/m, the correapon<iing projection for the point F' {Fig. 
2\ ; and in like manner the lines J^n and im, , the projec- 
tions of the upper edges. Joining Jf and iVgives the pro- 
jection of the intersection of the planes of the two joints. 
Find in like manner Qq and Qq^ ; Pp and Pp, , tlie projec- 
tions of the edges corresponding to the joints Q'P' and 
F'l'. Joining Q and P gives the projection of the inter- 
section of the planes of the two last joints. Having found 
the projections in plan of the edges of the joints and tiieir 
intersections, the voussoir is terminated on the semi circular 
arch by a joint of right section mp, taken at any suitable 
distance from the point P ; and on the semi elliptical arch 
by a like joint inj>,. The i-equired voussoir in plan wilt be 
the figure MmpPp,m, . The part above the line MG be- 
longing to the semi circular arch ; that to the right of it to 
the other. 

To find the true dimensions of the joints of tliis voussoir 
and of the portion of thesoifit which belongs to the semi cii> 
cular arch, draw a hne mp {Fig. 5) to correspond to the one 
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•mp {Fig. 8) of the plane of right section by which the vons 
Boir is terminated. On this line set off «in=Jf'^' (Fig. 1) 
the breadth, of the upper joint; nq~M'Q' the length of 
t^e arcbetween the joints; and qp^^Q'P' the breadth of 
the lower joint. Through tlieee points draw perpendiculara 
to the line, and set off on them nN'-^mM {Fig. 3); inM^= 
nW:ciQ — qQ, sndpF^^F. Join the points M, JV, and 
Q, -f*, DT right lines ; the points JV, Q, by a curye hne, an 
intermediate point of which can be tbund by constnicting 
in plan the element y.B of the soffit which corresponds to 
the middle point x' {Fig. 1) of the arc M'Q' and setting 
this line off on Fig. 5 from y, me middle point of ng to x. The 
Fig. 5 will give the joints required in their true dimensions, 
also the developed portion of the soffit between them, and 
which is bounded at one end by the curve of right section 
corresponding to mg, and at the other by the portion of the 
ellipse of the groin corresponding to MQ {Fig. 3). 

In like manner the true dimensions of the joints, and 
the portion of the soffit between them, which belong to the 
same stone, and form the portion of the elliptical arch ter- 
minated by the joint of right section wi,^, {Fig. 3) may be 
found, as shown {Fig. 5) on the lett; hy setting off the dis- 
tances p,q, , g^m, , mn^ , respectively equal to F'f, F'F' 
and J*" &'(^^^■ 2), and on the perpendiculars to j>,?i, , through 
the points », , 2', , &c., setting off the distances j>,P, g, Q, &c., 
respectively equal iap^P &c., in plan {Fig. 3). 

The portion of the keystone which forms the top of 
the groins at the point K {Fig. 3), is limited on the semi 
circular arch by the joint of right section G,N, ; and by the 
one Jlh on the semi elliptical cylinder, with a corresponding 
one on the right of K. 

The jointa of right section of the different courses, as 
mp and (?,iV^ , are arran^d to break joint. 

Cloistered Arch. The constructions for determining 
the projections, &c., of the joints and their true dimensions, 
are precisely the same in this case as in the preceding. 

In Fig. 4 aafifi are the exterior lines in plan, and 
S,C,Bfi, the interior lines of the top of the walla, or the 
imposts of the arches ; the semi circular arch springing from 
the lines B,0 and C,^and the semi elhptical form C^B,. 
The lines (TliT and .5,a" are the projections of the half of 
each groin. 

Ey drawing in plan the edges of the joints corresponding 
to P'Q' and M'N' {Figs. 1, 2), and joining the points P, 
Q, and M, N {Fig. 4), the intersection of these joints f — 
,n. The 



obtained in plan. 



: groin stone which coiTesponds to 
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these joints ia limited by a plane of right section mp {Fig. 4) 
taken at pleasure on the semi eireular arch, and a like one 
w!. «, on the semi elliptical. All the parts of this groin stone 
■Will therefore be projected within the figure m.pPp7n^M. 

To constnict the joints and the portion of the soffit in 
their true dimensions which belong to this stone, commence 
{Fig. 6) by setting off on a right Ime the distances nm, -mq^ 
and qp, respectively equal to M'M', M'Q', and Q'P' {Fig. 
1), and which correspond to the joint of right section mp 
{Fig. 4). Draw through the points n, m., &e., thus set on, 
perpendiculars to np, and along these perpendiculars set ofr 
the distances n^, mM, qQ, and pP, respectively equal to 
the same lines on Fig. 4. Join the points JVM and QP by 
right lines ; and MQ by a curved line, an intermediate point 
of which corresponding to as' (Fig. 1) is tbund by setting off 
from y, the middle of mq the distance y,*, equal y^x^ {Fig. 4). 

In the same way the corresponding portions of the groin 
stone belonging to the joint of right section in^p, on the 
semi eUiptical arch are found Irom Figs. 2 and 4. 

The top groin stone at F {Fig. 4) which forms a portion 
of the two arches is represented as a single stone. 

The jointe of right section in the different courses of 
voussoirs are arranged as shown in plan to break joint. 

Application. Having determined the projections in plan 
of the edg^ of the joints of a groin stone with the true 
dimensions of the jomts, and the portion of the soffit of 
eaoh arch belonging to it, their uses in shaping the stone 
from the solid block will be easily understood. Taking, for 
esample, the groin stone of the groined arch, the right sec- 
tions of which are given in Figs. 1 and 2 ; the plan in Fig, 
3 ; and the true dimensions ot the joints, &c., in Fig. 5, it 
will be readily seen that, supposing a block from which the 
stone is to be shaped to be a rectangular parallelopid, its 
thickness must be such that the right section M'N'0\ &e,, 
{Fig. 1) can be inscribed within the rectangle of the end 
that corresponds to the joint of right section mp {Fig. 3) of 
the semi circular arch, and the figure F'G'Il', &c., be in- 
scribed within the end corresponding to the joint ni^p^ of 
the semi elliptical arch; and the length of the block must 
be equal to mM, and its breadth to J™ . 

Having inscribed upon the ends oi the block the two 
figures of cross section, the portions of the solid exterior to 
them are gradually worked off until the dressed surfaces 
coincide with Fig. 5, which may be ascertained either by 
measurement, or by the actual application of these figures 
cut from some thin flexible material. 
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Remark. A careful examination of the lines of the 
fii^rra will show the geometrical metlioda tor determining 
the tangents to the points on Mg. 2 which correspond to 
Fig. 1. 

Prob. 9, Pis. 3, 4, To construct tJte ^projeetions and i/rue 
dimensions of the voitssoirs of the rampant oyUndrioal ax^h. 

This problem, which comprises two cases, is a variation 
of Prob. 7. The arch in this, as in P^oS. T, being termi- 
nated at one end by a vertical plane, and at the other by a 
horizontal semi cylinder having its axis and elements paral- 
lel to the vertical plane of the end ; the elements of the soffit 
and the edges of the voussoirs of the arch being obhque both 
to the vertical plane and to the horizontal plane of the plan. 

Omn 1, PI. 3. Construct {Fi^. 1) the semicircle B'T'0\ 
to represent the oblique section of the arch by the vertical 
plane of the end. Let ad {Fig. 2), assumed at any conve- 
nient distance from A!D', be the projection in plan of the 
lowest element of the semi cylinder of the other end, which 
with the axis is taken in a horizontal plane at the distance 
al"a" {Fig. 3) below the line A'J)'; and let the lowest ele- 
ments of the arch drawn from the points A'B'O'H', and its 
axis from Z', {Fig. 1) be taken to intersect the line ad, and 
to lie in vertical planes perpendicular both to the vertical 
plane of the end and to the horizontal plane. The edges 
of the voussoirs as A'a, B% &c., in plan wiU be perpenmc- 
ular to A'P'. 

To obtain the edges of the voussoirs in their true dimen 
sions, it will be necessary to find their projections, aa in Pm^. 
5, on a plane parallel to them. 

Let the vertical plane which contains the edge projected 
in A'a be taken for this purpose, and suppose it revolved 
around the line A'K"\ its trace on the vertical plane of the 
end, to coincide with this plane. In this new position of 
tli« side vertical plane the edge projected in A'a will be ob- 
tained on it by setting off A'a"'^A'a; erectir^ at a'" a 
jierpendicular = a"'a', and joining A'a"'. The edgea 
drawn from B', C, J)', and the axis of the arch will all 
evidently be projected into the same line A'a". 

The projections of the other edges on this plane will 
evidently be parallel to A'a" {Fig. 3), and their positions 
will be found by drawing through the points _£", /', &c., 
(^Fig. 1) lines parallel to A'B', and from the points E'' &c., 
in which they cut A'K"' drawing parallels to A'a" {Fig. S). 

Aa a" is the revolved position of the point in which the 
Tertical side plane cuts the lowest element of the semi cyl- 
inder of the eudj and as the axis is in the same horizontal 
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plane as this element, by setting off on tlie horizontal through 
a!', and to the left of o", the radius of the semi cylinder, 
and from the point thus set off describing an arc a"X', it 
will he the one cut from the semi cylinder by tlie vertical 
side plane. The lines, as II" H'", E' M'" intercepted between 
the arc a"S^' and the line A'K'", are the projections in their 
true dimensions of the reguii-ed edges of the voussoirs. 

To obtain a right section of the arch, for the purpose of 
constructing the joints of the voussoirs m their true dimen- 
sions, and me development of the soffit of the arch ; from the 
point A' draw the line A' Y' perpendicular to the projec- 
tions of the edges on the Tertieal side plane ; this line may 
be regarded as the trace of a plane of right section on the 
side vertical plane, and the line A'D' as its trace on the 
horizontal plane through A'D'. If the plane of riglit & 
tion thus fixed be revolved around A'D' until it hecon 
horizontal, the right section contained in it will be deter- 
mined in its true dimensions. The points as e', f, &Cj 
(Fig. i) will be found, after this revolution, by setting off 
from the line A'D' along the projections of the elements in 
plan corresponding to the points E', F', &c., distances equal 
to A!e', A'f'j &c.,XFig. 3) measured from the point A' along 
the line A' Y'. The curve B'e'f'mWC {Fig. 4) thus deter- 
mined is the curve of right section of the soffit, and the fig- 
ure m'n'o'p'a' the right section of the vouesoir corresponding 
to M'J^'O'P'Q' {Fig. 1) of the end. 

Having obtained the right section, the development of 
the soffit and the joints in their true dimensions are found, 
as in Probs. 5 and 7, as follows : Having drawn a line B'O' 
{Fig. 5) set off along it the distances B'e', e'f'^f'm', &c., 
respectively equal to the ares B'e\ e'f &c« on the curve of 
right section ^xg. i). The right line B' U' will be the de- 
velopment of the curve. Through the points B', e\f', &g.. 
draw perpendiculars to B'O' which will be the elements of 
the soffit in development, which are the lower edges of the 
joints and correspond to the points B', F', &c., {Fig. 1). 
As the true distances of the extremities of these edges from 
the plane of right section are given on Fig. 3, and are the 
distances e'e", e'F'" for the edge projected in its true length 
between the line A'K'" and the curve «"-^' by setting off 
e'e" and e'F"', from ^ to F', and ^ to F'" (Fig. 5), the 
points F' and F'" will be respectively points of the devel- 
opment of the curves in which the soffit intersects the verti- 
cal plane of the one end of the arch and the horizontal 
cylinder that terminates the other. In like manner the 
points F', M', &c.y of the developed curve B'T'O' are 
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found, and those as &", E'", &e.j of the other end. To ob- 
tain the true dimensions of any joint, as the one correspond- 
ing to E'T {Fig. 1), Bet off the distance e'i', {Fig, 5) equal 
to the breadth of -the joint in right section, which is e'i' 
{Fig. 4), Through i' draw a perpendicular to S' C, and set 
off from it the distance i'l , i-^"\ respectively equal to 
al A!', a' A'" {Fig. 3). Join I', £', hy a nght line, and 
A!"E"' by a curved line, the figure A!"i'E'E^" will be the 
required joint in true dimensions. The other joints are 
found in like manner. 

To find the dimensions of a block of the form of a rec- 
tangular parallelopiped from which one of the voussoirs, as 
the one corresponding to M'N'O'P'Q' could he cut, it will 
be observed that the edges of this voussoir are projected in 
their true dimensions on Fig. 3, between the line S"H"', 
which corresponds to the points iV"', 0' {Fig. 1), and the line 
F"F"', which corresponds to §'y drawing therefore from 
JI' a perpendicular to E"E"' prolonged, and from E" one 
to 3"S prolonged, the rectangle thus formed will be the 
true dimensions of one side of the block. As mln'o'p'^ 
{Fig. 4) is the cross section of the same voussoir, the breadth 
of the rectangle of the end of the block must be equal to 
m'^', in order that the figure m'n'o', &c., can be inscribed 
within it. The manner of setting off the different lines on 
the block, with the view of dressing it into shape, will be 
readily seen fi-om what has already l>een stated on this point 
in the preceding problems. 

Remarks. From the preceding constructions, the joints 
and the development of the soflit for any other plane end 
passing through the line A 'D', and having the line A'Z', for 
exam^e, for its trace on the vertical side plane, can be 
readily found, by setting off, on Fig. 5, from the line E'Cy 
the distances between the corresponding points on the lines 
A' Y' and A!Z', as A'A", for example, m the same way as 
for those between A' T' and A'K"', and through the points 
e",/", &c., drawing the developed curve of interaection of 
the sofSt and assumed plane, and constmcting the corres- 
ponding joints as e"i"A "_£"". 

Prob. 9, Case 2d, PI. 4. This case is a variation of the 
preceding one, the axis and elements of the sof&t of the 
arch being obhque both to the horizontal plane, and to the 
vertical plane which terminates the arch at one end, but 
situated in vertical planes oblique to the vertical plane of 
the end. The position of the semi cylinder which terminates 
the other end is the same in all respects as in the preceding 
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Fig. 1 represents the end of the areli in the vertical 
plane. The curve of the soffit B'F'M'C in this plane is a 
eemicircle. The arch for tlie mere illustration of this case 
consists of only three voussoira. 

Fig. 3 represents the proieetioiia of the elements in plan ; 
the axis of the arch and the lowest elements of its soffit 
intersect the lowest element of the semi cylinder, which is 
projected in the line ad^ parallel to A!D\ and lies in a hor- 
izontal plane at the distance D' D" below A'D', at the 
points J, I and c. 

Fig. 3 represents the projections of the edges of the 
Toussoirs on the vertical side plane, parallel to them, of 
which D'T and D' V are the traees on the horizontal plane 
of the plan, and the vertical plane of the end. The system 
of OTOjecting lines in this case is the same as the one used 
in Frob. 5. 

Fig. i represents the revolved position, on the horizontal 
plane, of the right section of the arch, contained in the plane 
of right section of -which -TJ^, perpendicular to the projec- 
tion of the axis L'l is the horizontal trace, and Ys', perpen- 
dicular to ly'd, the projection of the axis on the side vertical 
plane, is the trace on this plane. 

Fig. 5 represents the joints and the development of the 
Boffit in their true dimensions. 

Having constructed Figs. 1 and 2, ffiid, by Frob. 5, the 
projections of the edges of the joints on .the vertical side 
plane of which Z>'T is the horizontal trace, assuming, in the 
first place, the line J)"d, as the projection of the axis and 
lowest elements on this plane, and parallel to which all the 
other projections of the edges are drawn ; the one corres- 
ponding to the point M' (Mg. 1), for example, is found by 
setting off from D" {Fig. 3) on the revolved position 
J)'K of the trace of the side vertical plane with that of 
the end, the distance D'M" equal to MM' {Fig. 1), and 
drawing Jf "J/"'", parallel to D"a. 

Kepresenting, by the line drawn through T parallel to 
ad, the axis of Sie semi cylinder, the ellipse cut trom the 
semi cylinder of the end will have dT, and T8' equal to 
the radius of the s^mi cylinder, for its semi axes. Having 
described the quadrant dS' of the ellipse in its revolved po- 
sition, the projections of the edges of the joints intercepted 
between it and the line D' K'" will be the true lengths of 
the edges. 

To obtain the right section, tate XY perpendicular to 
the axis LI in plan, and Ys' perpendicular to its projection 
I>''d on the vertical side plane, as the traces of the plane 
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of right section. Having foimd (Mg. 4, 1*1. A,) the projec- 
tions c', iii^ , n', &Q. {Fig. 3) of the points in which tne ele- 
ments of the aoSit and the edges of tlie joints pierce the 
plane of right section, next construct from these {Pig. 4) the 
right section as revolved on the horizontal plane. 

To construct the BoiSt and joints in their true dimensions, 
draw (Fig. 5) a line a,X*' {Fig. 4, PI. A) and set off on this 
from h, to 0, the length of the curve of right section J,e, 
{Fig. 4). Drawing tltrough the points 6^ , /i , »*^ , C/ j per- 
pendiculars to «,i*', set olf on them above and below a^D' 
distances Wi Jf', rn^M'", respectively equal to m.^M" and 
m,M"' {Fig. 3). The curves B'F'M'0\ and lM"'c, drawn 
through the points thus obtained, will be the developments 
of the intersection of the soffit with the end plane and semi 
cylinder. To construct the joint of which M 'M'" is one 
edge, set off m,n, on a^D' equal to m,n, {Fig. 4), the width 
of the joint in cross section ; through n^ draw a parallel to 
M'M' , and set off on it •n-^N', n'N''", respectively equal 
to n'-ZT" and n'2f'"' {Fig. S). Joming M'JV' by a right 
line, and M"'N"' by a curve line, the figure obtained is the 
required joint. The others are found in like manner. 

Bemwrk. A comparison of the lines on F'ig. 5 with 
those on Fig. 3 will point out the manner of .constructing 
an intermediate point as « of the curve M"'N"' 

Prob. 10, PI. 5. To construct t?ie projections cmd t^iie 
dimensions of the vov^soi^s of the hemispherical dome. 

Let the semicircle (Fig. 1) B'L"0' be the vertical section 
of the soifit of the dome, and suppose it divided into seven 
equal parts at the points £", F' , &c. Drawing radii through 
the points E' , &c,, act ofl' upon them the equal distances 
E'r, F'G-', &e., and complete, as in the preceding cases, 
the figures E'PS"G'F'y &e., to represent the sections of 
the voussoirs. If Fig. 1 be supposed to be revolved about 
the vertical radius EL" as an axis, any section of a vons- 
Boir, as E'I'WQ'F' would generate the entire vousaoir of 
the dome comprised between the horizontal circles on tha 
soffit projected in the lines E'Q' and F'M'. The lines 
E'I\ E'G', in this revolution generate* the joints between 
the voussoir in question and the two in contact with it, 
which joints are portions of a cone of which the centre of 
the dome is the vertex, and L'L" the axis. The line FH' 
will generate a cylindrical surface having the same axis, and 
the line H'G' a plane, . 

Having in this manner determined the bounding surfaces 
of each course of voussoii^, the course is divided into blocks 
of suitable dimensions, by joints of right section, formed by 
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intersecting the courae l)y vertical planes through the axis 
i'Z". If IE, and IF, {Fig. 2), for example, be taken as 
the projections in plan of two joints of right section, the 
fignre II ,F ,E , will he the projection in plan of a block or 
vou^oir of the course in question. The figure E'I'I"E" 
{Fig. 1) is the projection of the lower conical joint of this 
vOussoir; F'CPG"F" ^haX of the upper conical joint; and 
E'F'F'E"' thai of the portion of the soffit. The joints 
of right section of the adjacent courses break joints, aa 
shown at E"E\ V"v', &c., on the curves V'Z'\ V'Z", 
&e, {Fig. 1), which are the projections of the circles cut 
trom the soffit by the joints of right section. 

Ajyplication. Having determined the projections of the 
bounding lines and surfaces of a voussoir, their true dimen- 
sions can be easily determined, and from them the size of a 
block from which the voussoir can be cut. Taking, for ex- 



ample, the voussoir projected in plan {Fi^. 2) in II ,F ,E, , 
from an inspection of the projections (i'^p's. 1,2} it is obvious 
that the dimensions of a block from which it can he cut 



must be such that the figure II,F,E, {Fig- 2) can he inscribed 
within its base, and its thickness be equal to the vertical 
height between the lines H' 0" and E'E" {Fig. 1), the total 



depth of the voussoir. Having selected a block of the suit- 
able dimensions, the difierent Imes and surfaces of the VOUB- 
Boir can be obtained in their true dimensions from its projec- 
tions {Figs. 1, 2, 3), and marked out on the sides and bases 
of the block. 

It will be seen that the end of this voussoir, which forms 
a portion of the soffit, is comprised between the two merid- 
ian planes IE, and I,F, {Fig. 2) and the upper and lower 
conical joints. The pomts F% F", E', E'^, {Fig. 1) are 
therefore the projections of the four angular points of the 
voussoir, on the soffit, and lie upon the circumference of a 
small circle of the dome passing through the points of which 
these are the projections on Ftg. 1. This small circle can 
be readily constructed {Fi^. 4), since the lengths of the 
chords joining the two upper points F'F", and the two 
lower E'E'^Fig. 1)( are given in their true dimensions EF, 
and EF{Fig. 2); and the diagonals projected in EF, and 
E,F{Fig. 2) can be readily obtained in their true dimensions. 
Having set out the small circle determined from these ele- 
ments (i*Yp. 4), it will limit the portion of the soffit on the 
end of the voussoir, and will serve as a guide to the work- 
man in working it out. 

Fig. 8 gives the true dimensions of tlie side of the vous- 
soir in the meridian plane IE, {Fig. 2). 
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Prob. 11, PI 6. To ixmstmct the projections <md true 
iimensions of the voussoirs of tJie gate-recess. 

The line BO {Fig. 3) represents the trace of the vei-tieal 
face or front of a wall; ad that of the hack, also vertical. 
Through this wall an arched gate-waj is to he so constructed, 
that the gate, eonipoaed of two leaves, may be placed naid- 
way between the face and back, as at AD, and when open 
the leaves shall be thrown back, taking, respectively the 
positions Afl, D/d, by revolving around the vertical axes 
projected in A, and D^ . In this way, the gate occupies a 
rec^s withm the wail, from which circumstance the problem 
is named. 

Let S', E' , C', (Fig. 1) be the curve of right section of 
the right arch, BB^C G (Fig. 2) its plan. Let the top of 
the gate when closed tie a semicircular cylinder, ^'/>' \Fig. 
1) being its diameter, and the rectangle AAfi^D {Fig. 2) 
its plan ; the gate when closed shutting against the plane 
surface ring projected {Fig. 1) between the two semicircles; 
and Fig. 2 in the line AA 

The problem to be solved consists in so arranging the 
surface of the recess under which the leaves swing in being 
opened or closed : 1st, that it shall offer no obstruction to 
the play of the leaves; 2d, that it shall be one of easy geo- 
metrical construction; 3d, that it shall present a pleasing 
architectural effect. 

The lines A,^, Dd, {Fig. 2) being the traces of the ver- 
tical side planes of the recess against which the leaves rest 
when closed, these planes are each terminated at top by an 
arc of a circle assumed at pleasure, but of greater radius 
than A'L' (Fig. 1). To construct this arbitrary arc (Fig. 3), 
revolve the side ^ane D^d around the axis projected in JJ, 
^Fig. 2), and I>'I>" {Fig. 3), parallel to the face of the wall, 
into the position D,d, . Assume d'" the highest point of 
the arbitrary arc in the revolved position, at flie same height 
as k' (Fig. 1) is above £', and construct an arc passing 
through j)'d"' and tangent to D'D ', and let this be taken 
for the required arc. Supposing the side plane revolved 
back to its primitive position, D'd" will he the projection 
of the arc ; and d'd" that of the vertical edge of the back 
and side planes. 

Let this arbitrary arc, the semicircle projected in A'lc'D' 
{Fig. 1)_ and AI)^ (Fig. 3), and the axis of the arch pro- 
jected in X' (Fig. 1), LI (Fig. 2), be taken as three direc- 
trices of a warped surface, to form a portion of the upper 
eurfaee of the recess. The projections of the extreme posi- 
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tion of the element of this surface will be d"x'L' {Fig. 1)^ 
dscyiFig. 2). A like snrface covers the opposite side. 

To form the top, the two warped. Burfaces determined are 
connected by a third, wliieh must be tangent to each of them 
along the extreme element d" L, a"L' ol each, so that the 
three surfaces may appear as a continuous surface, and thus 
satisfy the 3d condition. To satisiy this condition, let 
the axis of the arch and the semicircle, which are two of 
the directrices of the two first warped surfaces, be talsen 
as two of the directrices of the third. This will give two 
tangent planes common to the surfaces along each of the 
elements d'L', a"L'. Construct now a tsingent plane to 
the warped surface found at the point d"j \>j drawing a tan- 
gent to the carve projected in D'a" at this point, and through 
this tangent ana the element projected m d"L' passing a 
plane. The element pierces, the vertical plane of which 
■^,J), is the trace at as, x'; the tangent to the enrve -Z^" at 
d" intersects the vertical line IrD" at J}"; joining then 
D", x', it will be the projection of the trace of the tangent 
plane on the vertical plane A,D, ; the projection of its trace 
on the vertical plane ad is v'd"w', parallel to x'J)". Draw- 
ing an arc of a circle passing through a" and d" and tangent 
to v'ib', if it is taken as the third directrix of the second 
sM'face, the two surfaces will be tangent, as they have a 
third common tangent plane at d". 

The 3d condition is satisfied by taking warped surfaces 
to form the soffit, or top surface. 

Having constructed the warped surfaces, with these arbi- 
trary conditions, it will be necessary to ascertain whether they 
satisfy the 1st condition. To do this, it will he observed 
that the top of the leaf describes, in its revolution, a surface, 
and which, to satisfy this condition, should not intersect the 
warped surfaces within the side plane, as Afl, for example. 
This intersection will he found by the usual methods for 
tindii^ the intersections of two given surfaces. The line 
r'a' {Fig. 1), for example, may be assumed as the vertical 
trace of a horizontal plane intersecting the two surfaces. 
This plane wJU cut from the snrface described by the top of 
the leaf an arc of a circle, projected in sr {Fig. 2) and from 
the warped surfaces an arc ssr; and as these intersect at r, 
without j1„«, the surfaces do not interfere along this hori- 
zontal plane. The same constmction would be made for 
other points. 

The bounding lin€s of the top surface being found, the 
arch is divided off into five equal parts, as JB',E\ &c. The 
planes of the voussoir joints pass tlirough the axis of the 
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arch and extend to the points /', G', &c., arbitrarily chosen ; 
and from these last points the voussoir joints are vertical. 

To determine the true dimensions of the joints M'N' 
and Q'P' {Fig. 1) ; let each of them he revolved around 
their lower horizontal edges, projected in W, Q ', parallel to 
the horizontal plane ; taHng M'J^', this is done by draw- 
ing through M' a line parallel to L'D' and setting off along 
it, from M\ distances equal to Q'F''^M'N\ F'i', F'h', 
and, to simplify the construction, drawing through the 
points thus set off, Hues parallel to UM' to mtersect Z'D'; 
from these last points drawing lines parallel to Ul the points 
IME'i'KG'I {Pig. 4) will be found, which joined will give 
the figure and true dimensions of the joint through MW. 
In a like manner the figure Lt F'i'f'g' G' I &aA true dimen- 
sions of the joint through Q'P' are obtained. 

AppUaatum. To cut the voussoir out of a block of the 
form of a rectangular parallelopiped, its dimensions must 
be such that ^hQnsav^Iif'M'Q'P'O' (Fig. 1) can be inscrib- 
ed within the end, and its length be equal to IG' {Fi-g. 4). 
Having set out the bounding lines of the different surfaces 
from Fig. 1, the plane and cylindrical portions will be first 
cut off; next the portion of the warped snrfae^, by first 
working down to the positions of several of the intermediate 
elements, determined from the drawing, and then finishing 
off by the eye the portions of the surface between these ele- 
ments, 

Prob. 12, PI. 7. To cotistmct the projections and true 
dinhenawns of the steps of the ge&metrical stairway. 

Let ABVD (Fig, 1) he the polygonal base of a vertical 
wall, along which a flight of stone steps is to be built. Let 
XIYZ, xys, be two curves having the relation of involute 
and evolute to each other; the one XFZhemg the base of 
a vertical cylinder, the surface of which limits the ends of 
the steps, and which is termed the weU of the stairs. Let 
X, ^,2^ be another curve parallel to the one XYZ, and at 
the distance from it that peraons going up or down the stairs 
would naturally take ; and where, on this account, the top 
of each step, or the tread should have a uniform breadth. 
This tread added to the height, or "rise, being usually assumed 
at twenty-two inches, as a convenient distance for each step. 

The problem consists : 1st, in arranging the tread and 
rise with these conditions ; 2d, in mating the under sur- 
face of the stairway a helicoidal surface; 3d, in arranging 
the joints between the steps so as to be plane surfaces, and 
normal to the helicoidal surface at the middle p nt ; 4th, in 
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determining from these conditions the form and dimensions 
of each step. 

Having set off the equal arcs X,l, 1-2, 2-S, &c. {Fig. 
1) alona the curve X, Y,Z, , equal to the assumed tread, 
draw, through these points, lines tangent to the curve a^s, 
and prolong them to the line hcd parallel to BOD ; fiie 
qaadriiaterals thus formed, between A.YZ and hcd, will be 
me true dimensiona of the top surface of each step. Mid- 
way between the equal arc, as at Y,,Z^, &c., draw lines 
also tangent to ict/s, and let these' be assumed as the projec- 
tions of the edges of the joints along the helieoidal surface ; 
and, to fix their position, let the edge of each joint be taken 
at the distance of half the rise below the top of the step. 
The points thus determined will lie on a helix, which at 
each of these points is half a rise below the top of the step, 
and the inclination of the tangent to which at any point 
will be the rise or height of each step divided by the uniform 
tread. 

Having fixed the position of the helix, the helieoidal 
surface is generated by moving a right line along it so as to 
bo parallel to the horizontal plane, and, in all of its posi- 
tions, be projected normal to the curve 2lYZ. 

Let y^ , the middle point of the lower edge Ym, be taken 
as the point at which a normal plane is to be passed to the 
helieoidal surface for the joint m question. This plane is 
detennined as shown on Fig. 2, by I^rob. 7 {PI. A, Fig. 6), 
and in like manner the one at s, on Zo as shown in Fig. 3. 

Having determined these planes, their intei'seetioiis with 
the tops ol the steps will give the lines Nn, Op, parallel to 
Ym, Zo, which are the top edges of the joints. 

With the data, now determined, the form and dimensions 
of the ends of the step to which these two joints belong 
can be determined. The larger end of the step is contained 
in a vertical plane of which tug is the trace on the horizontal 
plane. Draw a line B'G' parallel to Sc and at any assumed 
distance from it ; this may be taken as the revolved position 
of the top fine of the ena, on the horizontal plane, IVom 
the points «i, n, o, p, and g draw perpendiculars to mgi 
set off on these the distance j'V' for the rise of the step ; 
m"Tn! equal to half a rise: o' halt a rise below jp'; join the 
points thus set off. The figure Tn'n'&'g'p'o' is the one requir- 
ed. To find that of the other end {Fig. 5), the portion ot the 
cylinder of the well YM is developed, and the correspond- 
ing points set off on it ; the figure X N'M"M'0'Z' is the 
one requi-red. 
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To cut the stone, a block must be taker, 
upon the top of which the figure YmgM (Fig. 1) can be 
set oif, and on the large end Fig. 4. Having dressed off 
the plane and cylindrical surfaces, the portion of the 
warped surface can be dressed off as in the preceding prob- 
lem. 

Prdb. 12, PI. 8, 71? construct the prelections and true 
ditnensians of the voussoirs of the groined annular and 
radiant arch. 

The soffit of this arch is formed of the surfaces of an an- 
nular and radianfareh, the intersections of which form the 
curves of the groin. 

To find the horizontal projections of these curves, ]et (Fig. 
2, PI, 8) B' C be the diameter, and K" the centre of a semi- 
circle, contained in a vertical plane passed through the ver- 
tical line projected at L horizontally. If the semicircle be 
revolved around the vertical L it will generate the surface of 
an annular arch. 

From the point L (Fig. 1) in the horizontal plane of the 
diameter B' C' of the semicircle let two lines L B' and L c 
be drawn, making any convenient angle with each other, and 
let the chord of the arc B' e, included between them, de- 
scribed by the point B' of the semicircle, in its revolution, 
betaken as the transverse axis of a semi-ellipse, c<)ntainedina 
vertical plane of which E' c is the trace; the conjugate semi- 
axis of this ellipse being equal to the radius of the semicircla 
Then if a right line be so moved that it shall, in all of its 
positions, be parallel to the horizontal plane of the semi- 
transverse axis of the ellipse, intersect the vertical through 
L, and rest on the curve of the semi-ellipse, it will generate 
the soffit of the radiant arch. 

The horizontal projections B' L, C, and C L c, which are 
those of the groins, will be obtained, by finding the inter- 
sections of the projections of the corresponding elements cut 
from the two soffits by horizontal planes. The point L, 
being that of the highest point; and the points B' C C, c 
being those of the lowest points of the groins. 

If now the semicircle be divided into five equal parts, and 
the right sections of the voussoirs of a cylindrical arch be 
drawn (Fig. 2) ; the joints E' I', F' G', &c,, of this right sec- 
tion, in the revolution of the vertical plane containing them, 
will describe zones of conical surfaces, the vertices of which 
will be on the vertical through L, where these joints pro- 
longed intersect it. In like manner, the lines I' E', G' G", 
&c,, will describe cylindrical surfaces, having the same verti- 
cal for their common axis ; and the horizontal lines, as G' H', 
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&c., will describe zones of circles. Thus completing tlie 
bounding surfaces of the vousaoirs belonging to the annular 
arch. 

As the aof&t of the radiant arch is a right conoi(3, having 
the horizontal plane, containing the semi transverse axis of 
the directing semi-ellipse, for its plane director, and the ver- 
tical through L as its right line directrix, its joints, along the 
rectilinear elements corresponding to the horizontal circles 
described by the points Q', M', F', E', of the semicircle, to 
be normal throughout to the soffit, would requice to be 
warped surfaces. To avoid the inconvenience of constructing 
these, a plane surface joint b substituted for each stone in- 
stead of the other; and this is so taken, that it shall be nor- 
mal to the soffit at the middle point of that portion of the 
right line element of the soffit which belongs to the joint. 
Taking for example the element projected in L E, e„ and as- 
suming that the groin voussoir is bounded, on the radiant 
portion of the areb, by the lines E,/] ; byy, I, which is the 
projection of the line cut from the soffit by a vertical cylin- 
der; by liie projection F, E, of the groin curve, and by the 
line E' f,; then Fiywill be the lower edge of the radiant 
joint, corresponding to the lower edge of the annular joint, 
described by the point F'; and E, e, will be the lower edge 
of the joint below, corresponding to the one E' 1'. 

Having the lower edge E, e, of the joint, the other bound- 
ing lines of it are found by constructing a normal plane to 
the soffit containing the right line element through E„ at the 
middle point e of E, e„ and finding the intersections e, I of 
this plane with the vertical cylinder fi I that limits the 
voussoir; with the conical zone described by E' I', and which 
is projected in E, s; and finally with the horizontal plane 
which passes through I' (Fig. 2), and which will be projeet<;d 
through I parallel to E, e,. 

In like manner the plane joint projected in F, /", §, G can 
be found. 

The portion of the groin stone, belonging to the annular 
arch, is limited by a vertical plane passed through the points 
L, F„ H; the line P, E, of the groin ; the upper and lower 
conical joints ; the cylindrical surface projected in s H ; and 
the horizontal plane through G' H' (Fig. 2). 

J!foie, — To construct the normal planes of the pla/ne joints 
of the radiant arch see I*rob. 6. 

All the horizontal lines of the surfaces bounding the groin 
vouswir, in question, are projected in their true dimensions 
nFig. 1. 

Having found the horizontal projections of all the lines 
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bounding the groin stone considered, the true dimen- 
Bions of all the developable surfaces by which it is bounded 
can be found by methods already used in the preceding 
Proba. 

Take, for example, the plane joint of the radiant arch, 
projected in E, e, is. Having first determined the tangent 
plane to the middle point e, of the lower edge of the joint, 
and its trace t, t, on the horizontal plane of the springing 
lines, by Prob. 6, let this last plane be intersected by a ver- 
tical plane XYperpendicular to the lower edge E e, (Fig, 1), 
and let it then be transferred, parallel to itself, to X Y (Fig. 
3). The plane X Y will cut from the tangent plane a line 
■which, in the revolved position of the plane X Y (Fig. S), 
will be projected in t, W ; E" E' (Fig. 3) being equal to E" 
E' (Fig. 2). From E' (Fig. 3) drawing a line perpendicular 
to E' t^ it will_ be a normal to the soffit of the radiant arch at 
e, (Fig. 1), and where this normal intersects at 1' a line par- 
allel to E" t„ and at the same height above it as I' (Fig. 2) 
is above E", the line E' I' (Fio. 3) will be the true width of 
the plane joint considered. Now, revolving this plane joint 
around the line E' I' to coincide with the vertical plane X Y 
(Fig. 1), the points e„ E, {Fig. 1), for example, will fall in a 
perpendicular to E' I' (Fig. 3) as far from it, at e" and E", 
as tiiey arc in horizontal projection from X Y (Fig. 1), In 
like manner, the points *' and I'" (Fig. 3) are found; and 
e" E" I'" i' will be the true dimensions of the plane joint. 
E" I'" will be the intersection of the plane radiant joint with 
the corresponding conical joint of the annular arch ; and e' 
i' the intersection of the same joint with the cylindric^ joint 
y, I of the radiant arch. 

Fig. 4, showing the true dimensions of the upper plane 
joint, is constructed by a like series of operations. 

Fig. 5 is the development of the cylindrical joint of the 
radiant arch projected iny, I; and of the cylindrical surface 
of the groin stone of the annular arch projected in 2 II. 

The projections of the conical joints of the annular arch 
are easily found, by developing the cones to which they be- 
long. 

Fig. 6 is the development of the end surface of the exterior 
vousanir of the radiant arch which joins the groin voussoir 
considered. 

These arches rest, as in the cylindrical groined arch, on 
pillars. The tops of these pillars, on a level with the spring- 
ing lines of the arches, are shown in the trapezoids B B' a' a, 
G C V b, &c. (Fig. 1.) 

The dimensions of the block for the groin stone in ques- 
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tion are all given in the projections, sections, &c., of Figs. 1, 
2, 3, 4, 5, and the developments of the conical joints. With 
»hese elements, the bounding lines can be marked out on the 
block, and the voussoir be worked o£F, by methoda similar to 
those pointed out in the two preceding problems. 
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